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Abstract. This article describes two versions of the chance-constrained stochastic bin-

packing (CCSBP) problem that consider item-to-bin allocation decisions in the context of
chance constraints on the total item size within the bins. The ﬁrst version is a stochastic
CCSBP (SP-CCSBP) problem, which assumes that the distributions of item sizes are known.
We present a two-stage stochastic mixed-integer program (SMIP) for this problem and a
Dantzig–Wolfe formulation suited to a branch-and-price (B&P) algorithm. We further
enhance the formulation using coefﬁcient strengthening and reformulations based on
probabilistic packs and covers. The second version is a distributionally robust CCSBP (DRCCSBP) problem, which assumes that the distributions of item sizes are ambiguous. Based
on a closed-form expression for the DR chance constraints, we approximate the DR-CCSBP
problem as a mixed-integer program that has signiﬁcantly fewer integer variables than the
SMIP of the SP-CCSBP problem, and our proposed B&P algorithm can directly solve its
Dantzig–Wolfe formulation. We also show that the approach for the DR-CCSBP problem,
in addition to providing robust solutions, can obtain near-optimal solutions to the SPCCSBP problem. We implement a series of numerical experiments based on real data in the
context of surgery scheduling, and the results demonstrate that our proposed B&P algorithm is computationally more efﬁcient than a standard branch-and-cut algorithm, and
it signiﬁcantly improves upon the performance of a well-known bin-packing heuristic.
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The stochastic version of the CCSBP (SP-CCSBP)
problem assumes that the distributions of item sizes
are known. It can be formulated as a large-scale
mixed-integer program (MIP) based on a ﬁnite number of scenarios for the items’ sizes. However, this
problem is difﬁcult to solve for several reasons. First,
it lacks convexity because of the binary item-to-bin
allocation variables and the fact that chance constraints
are generally nonconvex (Luedtke and Ahmed 2008).
Second, the linear programming (LP) relaxation of the
MIP is often weak because of the big-M coefﬁcients
that are introduced to model the chance constraints.
Third, there are many identical solutions for problems
in which there are some identical bins and items. To
overcome these challenges, we propose a branch-andprice (B&P) approach that is tailored to this problem.
We show that it eliminates symmetry and, most importantly, provides opportunities to exploit properties of the binary bin-packing problem that deﬁnes
the subproblem. In addition to presenting a method

1. Introduction
Bin packing has been studied in several contexts,
including computer scheduling (Coffman et al. 1978),
internet advertising (Adler et al. 2002), and operatingroom management (Denton et al. 2010). Stochastic
versions of this problem typically assume that the
item sizes are random variables, the items are allocated to bins before knowing the random outcome of
their sizes, and the bins are extensible such that the bin
size extends (at a cost) to the size necessary to contain
the items. Thus, the problem becomes one of minimizing the ﬁxed cost on the number of bins necessary
to pack the items and the expected cost of extending
the bins. In this article, we study a generalization of this
problem, which we refer to as the chance-constrained
stochastic bin-packing (CCSBP) problem in which there
are chance constraints on the sum of the item sizes
within each bin. Thus, the optimal allocation of items
to bins is one that minimizes the expected cost while,
at the same time, meeting all chance constraints.
547
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for the SP-CCSBP problem, we also present a distributionally robust version of the CCSBP (DR-CCSBP)
problem, which assumes that the distributions of item
sizes are ambiguous. We approximate the DR-CCSBP
problem as an MIP based on a closed-form expression
for the worst-case violated probability concerning the
chance constraints.
We use surgery scheduling in hospitals as a motivating example for our work. In this context, the bins
are operating rooms (ORs) that are available for some
nominal period during the day of surgery (e.g., 10
hours). The items represent surgeries, and the item
sizes represent the surgery durations. Surgery scheduling is important in healthcare delivery because of the
high cost of OR utilization and OR staff overtime. The
chance constraints are particularly important to provide surgical teams with appropriate “end-of-the-day”
guarantees. The SP-CCSBP problem is suitable for
situations in which the decision maker trusts the
estimated distributions of surgery durations, and
the DR-CCSBP problem is suitable for cases in which
the decision maker only trusts the estimated mean
and variance of the surgery duration distribution.
For example, this situation may arise when the sample size is insufﬁcient to be conﬁdent about the complete distribution. In addition to this case, the DRCCSBP problem is also much easier to solve, and
thus, its solution approach can serve as an effective
approximation approach for the SP-CCSBP problem
when it is computationally intractable.
In this article, we focus on two main research
questions. The ﬁrst research question is: what are the
advantages of using the B&P algorithm as a solution
method to solve the chance-constrained bin-packing
problem? We describe a number of properties of the
problem that can be exploited to achieve computational
advantages in our B&P algorithm implementation.
We use numerical experiments based on examples of
surgery scheduling to illustrate the performance of
our approach compared with a standard branch-andcut (B&C) approach. The second research question is:
what is the value of the DR-CCSBP solution compared with the SP-CCSBP solution? We investigate
the formulations for the SP-CCSBP problem and the
DR-CCSBP problem, respectively, to compare their
computational efﬁciency and the scheduling performance under ambiguity in distributions of item sizes.
The remainder of this article is organized as follows.
Section 2 reviews the literature on the stochastic binpacking problem and highlights the novel contributions of this article. Section 3 deﬁnes the stochastic
version of the CCSBP problem and formulates it as a
general two-stage stochastic-programming formulation with integer recourse. Section 4 reformulates
the problem using Dantzig–Wolfe decomposition,
presents a B&P algorithm, and analyzes theoretical
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properties of the formulation that can be exploited to
accelerate the computation. Section 5 describes the
DR version of the CCSBP problem and its approximation as an MIP. Section 6 presents computational
results and managerial insights in the context of a
surgery-scheduling case study. Finally, Section 7 concludes the paper with a summary of the most important ﬁndings and opportunities for future work.

2. Literature Review
This section reviews the literature on stochastic bin
packing and relevant methods, including column
generation, B&P, and distributionally robust optimization. We close this section with a description of the
main contributions of this article to the literature.
2.1. Stochastic Bin Packing
A signiﬁcant portion of the literature on stochastic
bin-packing problems is in the context of surgery
scheduling. For example, Denton et al. (2010) considered the stochastic extensible bin-packing problem
in the context of allocating surgeries (items) to operating rooms (bins). The objective included a ﬁxed
cost for each utilized OR and a variable cost for expected overtime. They proposed a two-stage stochastic
mixed-integer program (SMIP) to account for uncertainty in surgery durations and also a robust optimization model to account for ambiguous distributions
when only lower and upper bounds are available on
the surgery durations. Batun et al. (2011) considered a
related problem in which some surgeries could be
completed in parallel, in different ORs, by the same
primary surgeon assisted by surgical fellows. In both
cases, L-shaped methods were used to solve the problem with additional cuts to reduce symmetry among
the ﬁrst-stage decision variables.
The addition of chance constraints was motivated
by the challenges of attributing a cost to OR overtime
in practice because much of the cost is due to a loss of
goodwill among nursing staff and is not attributable
to the monetary cost of overtime alone (Deng et al.
2020). The addition of chance constraints, although
attractive for practical reasons, creates computational
challenges because the joint cumulative probability
density function of item sizes is generally nonconvex
except for certain cases, such as when all item sizes
have a log-concave probability distribution (Prékopa
1995, theorem 10.2.1). However, surgery durations
are more often associated with distributions that
have a right tail, such as the lognormal distribution
(Strum et al. 2003), which is not log-concave. Shylo
et al. (2012) appears to be the ﬁrst to consider a chanceconstrained bin-packing problem. They assumed that
the objective was to minimize the number of ORs to
open while satisfying a set of probabilistic capacity
constraints. Their chance-constrained problem was
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expressed as a series of MIPs based on a normal approximation of cumulative surgery durations. However, this approximation is not likely to be accurate
when the number of surgeries is small (e.g., n ≤ 4),
which is common for many hospital inpatient surgery
practices. Deng et al. (2020) considered a joint ORscheduling problem similar to Batun et al. (2011) but
for which the surgeon waiting times are subject to
individual chance constraints and the overtime in all
ORs is subject to a joint chance constraint. They proposed a two-stage SMIP with integer recourse based
on a sample average approximation (SAA). Further, to
speed up the computation, they used a cutting-plane
algorithm and lifting methods based on problem decompositions on scenarios and ORs, respectively.
Lamiri et al. (2008) used column generation to solve
OR-allocation problems combined with surgery-date
decisions. In their work, uncertainty exists in the
number of emergency surgeries that must share ORs
with elective surgeries. They assumed that surgery
durations are deterministic and solved the subproblem
as deterministic knapsack problems using dynamic
programming and the integer master problem using heuristics. In a related study, Wang et al. (2014)
used column-generation approaches to solve an ORallocation problem in which they assumed that surgery durations are stochastic. The OR completion
times were chance-constrained, and the risk was evaluated by an independent Monte-Carlo simulation on
each generated column. The master problem was
solved by using heuristics to obtain integer solutions.
2.2. Branch and Price
Solution methods for SMIPs often employ Benders
decomposition (Benders 1962) or extensions thereof.
Examples in the bin-packing context include most of
the previously cited references: Denton et al. (2010),
Batun et al. (2011), and Deng et al. (2020). Unfortunately, these decompositions use a master problem
whose LP relaxation is no stronger than that of the
original model (Silva and Wood 2006), leading to a
poor continuous relaxation of the formulation, especially when big-M coefﬁcients exist, such as is the case
for a common reformulation of chance-constrained
problems as we show in Section 3. In contrast, the
B&P algorithm solves a column-oriented reformulation of the model, also by a form of decomposition,
but with a tighter relaxation bound. A comprehensive description of B&P algorithms is provided in
Vanderbeck and Wolsey (1996), Barnhart et al. (1998),
and Vanderbeck (2000). Here, we focus on B&P algorithms applied to SMIPs and literature related to
our speciﬁc problem.
Silva and Wood (2006) surveyed B&P algorithms
for two-stage SMIPs, such as the general allocation
problem, the routing and scheduling problem, the
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crew-scheduling problem, and the integer multicommodity ﬂow problem. They also implemented
B&P algorithms for a stochastic facility-location problem and reported that this method could be orders of
magnitude faster than solving the original problem
by branch and bound (B&B). The B&P algorithm has
also been used to solve capacitated lot-sizing problems and multistage stochastic capacity-planning problems by Degraeve and Jans (2007) and Singh et al.
(2009), respectively. Dinh et al. (2018) proposed a B&Pand-cut algorithm for a chance-constrained vehiclerouting problem with correlations between random
customer demands of normal distributions. Hashemi
Doulabi et al. (2016) proposed a B&P-and-cut algorithm for an integrated operating room planning and
scheduling problem in which the day of surgery, allocation of surgeries to ORs and the time slot for each
surgery were integrally optimized. The subproblem
was reformulated as a constraint-programming model
enhanced by dominance rules to improve the computational efﬁciency. However, the authors did not consider the uncertainties in surgery durations and the
associated chance constraints that raise the major challenge to our problem.
To the best of our knowledge, only Lulli and Sen
(2004) incorporated chance constraints in a B&P
method; the authors solved a multistage stochastic
batch-sizing problem for both recourse and probabilistic constrained formulations. Their computational results showed that the B&P algorithm was
faster than the B&B algorithm in the model without
chance constraints; however, because of the challenges imposed by the special structure of chance
constraints, the B&P algorithm failed to outperform
the B&B algorithm.
Recently, Song et al. (2014) provided a probabilistic
cover–based reformulation to explore the structure of
chance-constrained binary packing problems with a
single bin. Their reformulation casts the SMIP as an
MIP based on probabilistic covers. They also used
deterministic cover inequalities to perform approximate lifting of probabilistic cover inequalities. As we
show in Section 4, some of the properties they describe can be exploited in a B&P approach for the SPCCSBP problem.
2.3. Distributionally Robust Optimization
Distributionally robust stochastic programs focus
on the worst-case result under a conﬁdence region
that deﬁnes how far the true item sizes may be from
their point estimates. There are several types of
expressions for the conﬁdence region regarding
moments (e.g., Scarf 1958), conﬁdence regions of
moments (e.g., Delage and Ye (2010)), and support
(e.g., Denton et al. 2010). DR chance-constrained
stochastic programs were considered by Jiang and
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Guan (2016), who presented a series of stochastic programs depending on different types of conﬁdence
regions.
Several papers have recently addressed DR solutions
in scheduling problems. Kong et al. (2013) considered
a stochastic appointment-scheduling problem to determine arrival times for a sequence of customers. The
item sizes are stochastic, and only the mean and covariance estimates are known. They formulated a
copositive programming model to minimize the expected cost over a worst-case distribution in a region deﬁned by moments and nonnegative support
of item sizes. As the problem was not necessarily
polynomial-time solvable, they further proposed
a semideﬁnite programming relaxation as a solution approach. Mak et al. (2015) considered a similar
problem except that item sizes were assumed to be
independently distributed. With this assumption, they
showed that the DR model could be formulated as a
second-order conic program based on marginal moments, which can be solved more easily. They also
presented a closed form of the worst-case distribution;
however, their formulation requires the assumption that
item sizes could take on negative values.
Deng et al. (2020) also considered a DR variant of
the chance-constrained OR-scheduling problem to
restrict the maximum risk of surgery delay and
overtime. They used an ambiguity set based on statistical divergence functions, which is equivalent to
a chance-constrained program evaluated on an empirical probability density function but with smaller
risk tolerances. Once the risk tolerance is ﬁxed, their
DR model becomes an SAA to a chance-constrained
program. Our DR model is similar to the ﬁrst version
of the DR chance-constrained binary programs as
considered in Zhang et al. (2018). Our contributions to this aspect of our study are in the use of new
methods for solving the problem and numerical experiments that we present. Zhang et al. (2018) formulated the DR model as a 0-1 second-order cone
(SOC) formulation and utilized the submodularity
of the 0-1 SOC constraints to derive inequalities to
strengthen the formulation. In contrast, we approximated the problem as an MIP formulation and developed a B&P algorithm to solve the problem.
2.4. Contributions to the Literature
Our approach differs from the aforementioned literature in two main aspects: First, we present an
“integrated” B&P algorithm that combines column
generation with multiple techniques, including coefﬁcient strengthening and subproblem reformulations based on probabilistic cover/pack constraints.
We show that this integration signiﬁcantly improves
the computational performance of the algorithm over
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standard methods, such as the B&C algorithm. Second,
we approximate the DR-CCSBP problem as an MIP
that has signiﬁcantly fewer integer variables compared with the SMIP for the SP-CCSBP problem. More
importantly, we bridge between the two problems by
proposing a method to compute an adjusted probability tolerance. As a result, the approach for the DRCCSBP problem can give good approximate solutions to the SP-CCSBP problem with signiﬁcantly
less computational effort and information about itemsize distributions.

3. Stochastic Version of the
CCSBP Problem

We ﬁrst consider a stochastic version of the CCSBP
problem, which we refer to as the SP-CCSBP problem, which assumes that the distributions of item sizes
are known. We formulate the SP-CCSBP problem as
a two-stage SMIP based on an SAA (Luedtke and
Ahmed 2008). There are n items to be allocated among
m bins (we assume that n > m to avoid the trivial
case). There are K bin types that have chance constraints concerning a bin extension threshold, δk ,
and a probability tolerance, αk , for each bin type k 
1, · · · , K. There may also exist bins without any
chance constraints, which we refer to as another
bin type, K + 1. For simplicity of exposition and commonality in practice, we assume that all bins have
the same bin size, T; however, this assumption can
be relaxed. We let T̂k  T + δk represent the extended
size for chance-constrained bins of type k. We assume that each bin must contain at least one item.
We let ( denote the set of items and 5 denote the
set of bins. We let 5k denote the set of chanceconstrained bins of type k, and mk is the number of
bins of type k. We let Ω denote the ﬁnite set of all
possible scenarios based on the SAA. Finally, we let
ξi (ω) denote the size of item i in scenario ω ∈ Ω, where
ω indexes a ﬁnite set of realizations of the random
outcome vector ξ(ω)  {ξ1 (ω), · · · , ξn (ω)}. Indices i and
j index items, r indexes bins, k indexes bin types, and ω
indexes scenarios.
3.1. Notation
We denote the set of nonnegative reals by R+ , the
probability of an event e by P(e), the cardinality of a set
X by |X|, the ceiling of a faction x by x, and the vector
or matrix form of a scalar x by x.
We consider the following decision variables:
• First-stage decision variable x ∈ {0, 1}|(|×|5| such
that xir  1 if item i is allocated to bin r and xir  0
otherwise.
• Second-stage decision variable o ∈ R|5|×|Ω|
such
+
that or (ω) represents the extension for bin r in scenario ω.
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The extension threshold of a chance-constrained
bin of type k can be exceeded with at most probability
αk . Thus, chance constraints can be expressed as
follows:
(
)
∑
P
ξi (ω)xir ≤ T̂k ≥ 1 − αk , ∀k  1, · · · , K, ∀r ∈ 5k ,
i∈(

(1)
∑

where i∈( xir ξi (ω) is the total size of items in bin r in
scenario ω.
Except some special cases, the function on the lefthand side of (1) is nonlinear and nonconvex. To
express it as a linear function with the help of additional binary variables, we use the common approach of introducing auxiliary binary variables,
z ∈ {0, 1}(|51 |+···+|5K |)×|Ω| , such that zkr (ω)  1 if bin r
satisﬁes the chance constraint of type k in scenario ω
and zkr (ω)  0 otherwise. The extensive formulation
of the SP-CCSBP problem, which we refer to as (P),
can be formulated as follows:
∑
(P) : min
Eω∈Ω [or (ω)]
(2a)
r∈5
∑
xir  1, ∀i ∈ (
s.t.
(2b)
r∈5
∑
ξi (ω)xir − T,
or (ω) ≥
i∈(

∑

∀r ∈ 5, ∀ω ∈ Ω

(2c)

ξi (ω)xir ≤ T̂k + Mrk (ω)(1 − zkr (ω)),

i∈(

∑
ω∈Ω

∀k  1, · · · , K, ∀r ∈ 5k , ∀ω ∈ Ω

(2d)

zkr (ω) ≥ (1 − αk )|Ω|,
∀k  1, · · · , K, ∀r ∈ 5k

x, z binary, o ≥ 0,

(2e)
(2f)

where Mrk (ω) are big-M coefﬁcients. The objective
(2a) is to minimize the sum of the expected bin extension. Constraint (2b) ensures that each item is allocated to exactly one bin. Constraint (2c) determines
the bin extension in each scenario. Constraints (2d)
and (2e) are the linearization of chance constraints,
where (2d) determines zkr (ω) and (2e) enforces the
probability tolerance.
Remark 1. Our formulation assumes that the number

of bins used is ﬁxed at m. This is consistent with the
observations at our collaborating hospitals in which all
ORs are utilized daily. This assumption is consistent
with the ﬁrst formulation of the extensible bin-packing
problem presented by Dell’Olmo et al. (1998) but
slightly different from Denton et al. (2010) in which the
decision to utilize a bin is a binary decision variable.
To consider the latter case, our formulation (as well
as all formulations in Sections 4 and 5) should be

revised with minor changes to account for additional
binary variables for determining whether to open each
bin. The extensive formulations (e.g., (P)) can be revised to be similar as the stochastic OR-allocation
formulation of Denton et al. (2010). The Dantzig–
Wolfe formulations, as we show in Remark 4, can also
be revised with minor changes, and our proposed
B&P algorithm can be directly applied to the revised
formulations.
Remark 2. We assume that there exists a bin type

(i.e., type K + 1) without chance constraints in our
description of the formulation. This assumption is not
a requirement of the formulation. We allow this possibility to make the formulation general enough to
accommodate the case of surgery scheduling, in which
some ORs are planned to remain open as long as necessary to complete all cases.

Remark 3. There may exist inconsistency issues in

two-stage, chance-constrained stochastic programs
with recourse as reported by Takriti and Ahmed
(2004) and Liu et al. (2016). Speciﬁcally, constraint
(2d) only enforces zrk (ω) to be zero when the chance
constraint is not satisﬁed. The inconsistency could
arise if zrk (ω) is zero even if the chance constraint
is satisﬁed. However, in formulation (P), this inconsistency does not occur because if it does (i.e.,
chance constraint (2e) is satisﬁed, zkr (ω)  0, and
∑
i ξi (ω)xir ≤ T̂k is true for some ω), then one can
change zkr (ω) from zero to one and change zkr (ω )
for some other ω from one to zero without violating constraint (2e). It means that we remove constraint (2d), which was a binding constraint for ω ,
and thus, the objective function can be further reduced, that is, yielding a better solution. For the
same reason, this inconsistency does not occur in the
rest of the formulations with chance constraints in
this article.
As noted earlier, our problem has symmetry concerning bins of the same type. Therefore, eliminating
symmetric solutions may be beneﬁcial to reduce the
computation time. We add the following antisymmetry constraints, which are extended from Denton
et al. (2010), to formulation (P):
Υik
K+1 ∑
∑
k1 rΓk +1
Υik
∑
r Γk +r

xir  1,

xir ≤

i−1
∑

xj,Γk +r−1 ,

∀i  1, · · · , max mk
k

(3a)

∀k  1, · · · , K, ∀i  2, · · · , n,

jr−1

∀r  1, · · · , min(i, mk ),

(3b)

∑k−1
where Γk  v1
mv and Υik  min(Γk + i,Γk+1 ). The constraint set (3) ensures that items are allocated to
bins in lexicographic order. Speciﬁcally, constraint (3a)
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requires that item i should be allocated to one of the
ﬁrst i bins of a speciﬁc type; constraint (3b) requires
that, if the (r̂ − 1)th bin of a speciﬁc type is not allocated
for any of the ﬁrst i − 1 items, then item i should not
be allocated to the r̂th bin of that type. Big-M coefﬁcients usually present a challenge to solving the
MIP. Strengthening the coefﬁcients ahead of time has
been shown to reduce the computation time considerably (Qiu et al. 2014). Given a particular scenario,
ω , and a particular bin, r , of type k , the big-M coefﬁcient, Mr k (ω ), is valid if it is greater than or
equal to
M̄r k (ω )  max

∑

xi r ξi (ω ) − T̂k ,

i ∈(

s.t. (2b)-(2e) are satisfied for all i ∈ (,
k  1, · · · , K, r ∈ 5k , ω ∈ Ω,
x, z binary.
In fact, Mr k (ω ) achieves its lowest feasible value
when it reaches M̄r k (ω ). However, solving for
M̄r k (ω ) is equivalent to solving formulation (P) because they have the same number of integer decision
variables and big-M formulated chance constraints. Instead, we relax the formulation and estimate Mrk for
individual bins. The resulting problem is the same
as a subproblem formulation of our Dantzig–Wolfe
decomposition, so we present the coefﬁcient strengthening later in Section 4.2.3.
Although formulation (2) can be strengthened as
described, it is still difﬁcult to solve. Our preliminary
results show that the strengthened formulation is
solvable via a sophisticated MIP solver, such as CPLEX
12.6, only for problem instances that are much smaller
than our target application. The integer L-shaped
method is also well known to be inefﬁcient for formulations such as this because of weak optimality
cuts resulting from big-M coefﬁcients (Codato and
Fischetti 2006). There exist recent adaptations of
Benders decomposition to reformulate big-M coefﬁcients (Codato and Fischetti 2006, Luedtke 2014,
Liu et al. 2016); however, as we show, our B&P approach offers a means to decompose the extensive
formulation of the SP-CCSBP problem into subproblems with special structures that can be exploited to
achieve computational efﬁciency.

4. Branch-and-Price Algorithm
In this section, we present a B&P algorithm based on
Dantzig–Wolfe formulations of the SP-CCSBP problem. Further, we present some analytic properties
of the problem structure that can be used to accelerate the algorithm. The algorithm can also apply to
solve the DR-CCSBP problem as discussed in Section 5.

4.1. Dantzig–Wolfe Decomposition
The Dantzig–Wolfe decomposition of the SP-CCSBP
problem consists of a master problem and several subproblems, which are connected by columns. Each column, indexed by p, represents a candidate allocation
to a bin that comes with the following information:
yip : binary parameter representing whether item i
is in column p.
ckp : binary parameter representing whether the
total item size in column p is chance-constrained for
bins of type k.
ōp : expected bin extension for column p over all
scenarios ω ∈ Ω.
4.1.1. Master Problem. For a given pool (6) of col-

umns, the master problem selects columns from the
pool to minimize the total expected bin extensions,
and the subproblem generates new columns that are
added to the pool until the relaxation of the master
problem is solved to optimality.
The decision variables in the master problem are as
follows:
• λ ∈ {0, 1}|6| such that λp  1 if column p is selected
and λp  0 otherwise.
We formulate the master problem (MP) as the
following mixed-integer program:
∑
ōp λp
(MP): min
(4a)
λ∈{0,1}|6| p∈6

s.t.

∑

yip λp  1,

∀i ∈ (

(4b)

ckp λp  mk ,

∀k  1, · · · , K

(4c)

p∈6

∑
p∈6

∑

λp  m.

(4d)

p∈6

The objective (4a) is to minimize the total expected
bin extensions. Constraint (4b) ensures that each item
is allocated to a bin. Constraint (4c) ensures that the
total number of chance-constrained columns equals
the number of chance-constrained bins of each type.
Constraint (4d) limits the number of selected columns
to be equal to the total number of bins.
When 6 is the complete pool of all possible columns, formulation (MP) represented by (4) is equivalent to the extensive formulation (P) represented
by (2) because any feasible allocation of items to bins
in (2) can be regarded as feasible columns in (4);
conversely, any feasible solution of (4) can be converted to a feasible allocation in (2). Unfortunately,
(MP) is, generally speaking, intractable because of a
large number of columns in 6 and the integer restriction of the solution. Thus, we relax λ to be λp ≥ 0,
∀p ∈ 6, and we refer to the resulting relaxed master
problem as (RMP). Moreover, we consider a restricted
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pool with a limited number of columns, and we refer to
the restricted (RMP) as (R2 MP). Next, we show how we
can iteratively solve (R2 MP) and its subproblems to
ﬁnd an optimal solution to (MP).
4.1.2. Subproblem. For a given pool 6, we solve

(R2 MP) and obtain the following dual solutions:
πi : dual price corresponding to item i being allocated to a bin (constraint (4b)).
φk : dual price corresponding to all bin extensions
of type k being chance-constrained (constraint (4c)).
ϕ : dual price corresponding to the total number of
bins being equal to m (constraint (4d)).
Once (R2 MP) is solved using an initial restricted
pool of columns, the preceding dual solutions are
passed to the subproblems for generating new columns to 6. The subproblem has the following decision variables:
• ﬁrst-stage decision variable Y ∈ {0, 1}|(| such that
Yi  1 if item i is selected in the new column and Yi  0
otherwise.
• ﬁrst-stage decision variable V ∈ {0, 1}K such that
Vk  1 if the new column satisﬁes the chance constraint of type k and Vk  0 otherwise.
• second-stage decision variable O ∈ R|Ω|
+ such that
O(ω) is the bin extension of the new column in scenario ω.
The generic subproblem is to generate a new column that maximizes the sum of dual prices minus the
expected bin extension of the column. When the
difference is positive, the new column is improving to
(R2 MP); otherwise, the (RMP) is already solved to
optimality. (R2 MP) and the generic subproblem are
solved iteratively until the generic subproblem cannot generate any improving column.
The generic subproblem is generally difﬁcult to
solve because it has chance constraints that are represented by the decision variables, Vk . Because this
subproblem may be solved many times before the
SP-CCSBP problem is solved to optimality, the efﬁciency of solving this subproblem is a key factor
that determines the performance of the B&P algorithm. To address this point, we discuss four different
formulations of the generic subproblem in Sections 4.2
and 4.3.
Remark 4. Our Dantzig–Wolfe decomposition is based

on a ﬁxed number of ORs that are assumed in Remark 1. However, our formulations can be adapted
to consider a variable number of ORs with opening
costs by making the following change:

• Remove constraint (4d) from (MP) and set ϕ as
the unit cost of opening an OR for a day for the subproblem formulations.
The B&P algorithm as proposed in Section 4.4 can
be directly applied to the revised Dantzig–Wolfe

formulations for both the SP-CCSBP and the DRCCSBP problems.
4.2. Scenario-Based Subproblem
In this section, we formulate the generic subproblem
based on the scenarios, including an extensive formulation that solves the subproblem once and a bin
type–speciﬁc formulation that solves an independent
subproblem for each type of bin.
4.2.1. Extensive Formulation of the Scenario-Based
Subproblem. We introduce auxiliary decision variables,

Z ∈ {0,1}K×|Ω| , such that Zk (ω)  1 if the to-be-generated
column satisﬁes the chance constraint of type k in
scenario ω and Zk (ω)  0 otherwise. We then formulate the extensive formulation of the scenario-based
subproblem, (SSP), as the following two-stage SMIP:
(SSP): ζSSP  max

∑
i∈(

πi Yi +

K
∑

φk Vk + ϕ − E[O(ω)]

k1

(5a)
s.t.

K
∑

Vk ≤ 1

(5b)

k1

∑

ξi (ω)Yi − O(ω) ≤ T,

∀ω ∈ Ω

(5c)

i∈(

∑

ξi (ω)Yi ≤ T̂k + Ṁk (ω)(1 − Zk (ω)),

i∈(

∑
ω∈Ω

∀k  1, · · · , K, ∀ω ∈ Ω

(5d)

Zk (ω) − (1 − α)|Ω|Vk ≥ 0,

∀k  1, · · · , K
Y, V, Z binary , O ≥ 0,

(5f)

where Ṁ(ω) are big-M coefﬁcients. The objective (5a)
maximizes the sum of dual prices minus the expected bin
extension associated with the column. Constraint (5b)
ensures that the new column can be associated with
at most one bin type. Constraint (5c) determines
the bin extension in each scenario. Constraints (5d)
and (5e) jointly enforce that the column satisﬁes the
chance constraint for type k bins; (5d) determines
Zk (ω), and (5e) enforces the probability tolerance.
After (SSP) is solved, and if the objective value ζSSP > 0,
it generates an improving column, p̂, to (R2 MP)
such that yip̂  Y∗i ,∀i ∈ (, ckp̂  Vk∗ ,∀k  1,· · ·, K, and ōp̂ 
E[O∗ (ω)], where Y∗ , V∗ , and O∗ are the optimal solutions of (SSP).
Remark 5. The big-M coefﬁcient, Ṁk (ω), must be

∑
at least i∈( ξi (ω) − T̂k for all k  1, · · · , K, and ω ∈ Ω
because constraint (5d) should be satisﬁed when
all Zk (ω) are equal to zero. However, when the
column is chance-constrained, this big-M coefﬁcient
becomes unnecessarily large, which degrades the performance of the (SSP) formulation.
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4.2.2. Type-Speciﬁc Formulation of the Scenario-Based
Subproblem. According to Remark 5, if the column

is ﬁxed to satisfy a speciﬁc type of chance constraints, the big-M coefﬁcients could be strengthened
more tightly. Thus, we reformulate (SSP) separately
into K + 1 subproblems in which the kth (k  1, · · · , K)
subproblem, which we refer to as (SSPk ), generates a new column for a chance-constrained bin of
type k. We formulate (SSPk ) as the following twostage SMIP:
∑
(SSPk ): ζSSP
 max
πi Yi + φk + ϕ − E[O(ω)] (6a)
k
i∈(

s.t. (5c) is satisfied for all ω ∈ Ω, and
∑
ξi (ω)Yi ≤ T̂k + M̃k (ω)(1 − Z(ω)),

∀ω ∈ Ω

i∈(

∑
ω∈Ω

Z(ω) ≥ (1 − αk )|Ω|,

(6b)
(6c)

Y, Z binary, O ≥ 0,
where Z(ω) are auxiliary decision variables that are
speciﬁc to (SSPk ), Z(ω)  1 if this column satisﬁes the
chance constraint in scenario ω and Z(ω)  0 otherwise, and M̃k (ω) are big-M coefﬁcients (strengthening
of which is discussed in Section 4.2.3).
The (K + 1)th subproblem, (SSPk+1 ), generates a
column unrestricted by chance constraints. It can be
formulated as follows:
n
∑
(SSPK+1 ) : ζSSP

max
πi Yi + ϕ − E[O(ω)],
K+1
i1

s.t. (5c) is satisfied for all ω ∈ Ω,
Y binary, O ≥ 0.
After solving the K + 1 subproblems, we may have
multiple improving columns for (R2 MP). There exist
several approaches regarding managing these columns, such as adding the ﬁrst improving column, the
most improving column, or all of these columns
(Lamiri et al. 2008). If none of the columns is improving to (R2 MP), it means the (RMP) is already
solved to optimality.
4.2.3. Coefﬁcient Strengthening. Given a particular

scenario ω and a particular bin type k , the big-M
coefﬁcient, M̃k (ω ), is valid if it is greater than or
equal to
∑
Yi ξi (ω ) − T̂k ,
M̄k (ω )  max
i ∈(

s.t. (6b)-(6c) are satisfied for all ω ∈ Ω,
Y, Z binary.
(7)

We can also use M̄k (ω ) to choose the big-M coefﬁcients for formulation (P); however, determining the
exact value of M̄k (ω ) is computationally intensive.
There exist several approaches in the literature that
efﬁciently compute good upper bounds of M̄k (ω ).
Qiu et al. (2014) solved the LP relaxation of (7) and
iteratively improved the big-M coefﬁcients using heuristics. Song et al. (2014) solved scenario-decomposed
problems of (7) and used a quantile solution to approximate the upper bound of M̄k (ω ). It was suggested that the approach of Song et al. (2014) is more
efﬁcient and yields coefﬁcients of similar quality to
Qiu et al. (2014). Therefore, we apply the approach
of Song et al. (2014) and determine M̃k (ω ) by the
following steps:
Step 1. For each scenario ω, we solve the following
MIP:
ηkω (ω) : max
s.t.

∑

Yi ξi (ω ) − T̂k

i ∈(

∑

Yi ξi (ω) ≤ T̂k , Y binary.

(8)

i∈(

Step 2. Sort {ηkω (ω)} in a nondecreasing order of ς
such that ηkω (ς1 ) ≤ ηkω (ς2 ) ≤ · · · ηkω (ς|Ω| ).
Step 3. Determine M̃k (ω )  ηkω (ςαk |Ω|+1 ).
4.3. Cover-Based Subproblem
In this section, we show two other subproblem formulations based on a collection of item sets that are labeled
as “satisfying” or “violating” the chance constraints.
These formulations do not have the scenario-based
integer decision variables.
We ﬁrst deﬁne a probability distribution function
Φk on a given set ! of items:

Φ (!)  P
k

(
∑

)
ξi > T̂k .

i∈!

Given a probability tolerance, αk , a set #k is called a
probabilistic cover if Φk (#k ) > αk , whereas a set 3k is
called a probabilistic pack if Φk (3k ) ≤ αk . We deﬁne
4(3k ) as a complementary set of 3k such that Φk (3k ∪ i)
> αk , ∀i ∈ 4(3k ). Similar deﬁnitions can be found in
Song et al. (2014).
4.3.1. Extensive Formulation of the Cover-Based Subproblem. The ﬁrst of the two subproblem formula-

tions in this section, which we refer to as (CSP), solves
a relaxed subproblem multiple times until a feasible solution is found. Given the collection of covers (denoted
by Ck ) and the collection of packs (denoted by Pk ),
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the extensive formulation of the cover-based subproblem is
K
∑
∑
(CSP) : ζCSP  max
πi Yi +
φk Vk + ϕ − E[O(ω)]
i∈(

k1

(9a)
s.t. (5b), (5c) are satisfied for all ω ∈ Ω, and
∑
∑
Yi ≤ M̂3k (|3k | −
Yi + 1 − Vk ),
i∈4(3k )

∑

i∈3k

∀k  1, · · · , K, ∀3k ∈ Pk ,

(9b)

Yi ≤ |#k | − 1 + M̂#k (1 − Vk ),

i∈#k

∀k  1, · · · , K, ∀#k ∈ Ck ,
Y, V binary, O ≥ 0,

(9c)
(9d)

where M̂3k and M̂#k are big-M coefﬁcients, which
can be bounded by M̂3k ≥ n − m + 1 − |3k |, and M̂#k ≥
n − m + 2 − |#k |, respectively. The objective (9a) maximizes the sum of dual prices minus the cost of the
expected bin extension. Constraints (9b) and (9c)
jointly enforce the relaxed chance constraints; constraint
(9b) ensures that, if Vk  1 and all items in 3k are
selected, then one cannot select any item from 4(3k ), and
constraint (9c) ensures that, if Vk  1, then one cannot select all items from #k . After (CSP) is solved,
we verify the feasibility of chance constraints using
the scenarios of item sizes. If the solution is feasible,
and ζCSP > 0, then CSP generates an improving column, p̂, to (R2 MP) such that yip̂  Y∗i , ∀i ∈ (, ckp̂ 
Vk∗ , ∀k  1, · · · , K, and ōp̂  E[O∗ (ω)], where Y∗ , V∗ , and
O∗ are the optimal solutions of (CSP). However, if
the solution is infeasible concerning the chance constraints, we generate new covers and packs to Ck and
Pk , respectively, and repeat solving the updated
(CSP) until its solution becomes feasible.
Remark 6. There are many ways to generate cover sets

and pack sets. In this article, they are generated dynamically as follows: Ck and Pk are empty sets initially. Suppose we obtain a solution with Vk∗  1 and
∑
P( i Y∗i ξi (ω) ≤ T̂k ) < 1 − αk ; we automatically ﬁnd a
cover set, #̄k  {i | Y∗i  1}. Regarding the cover set (Ck ),
we add a subset of #̄k , #̂k , which is the minimal cover
such that Φk (#̂k ) > αk and Φk (#̂k \ i) ≤ αk , ∀i ∈ #̂k . Regarding the pack set (Pk ), we add all packs (3̂k ) in #̄k
such that Φk (3̂k ) ≤ αk unless they already exist in Pk .
Although we did not explore this option, another approach is to add the maximal pack (Song et al. 2014),
which might be more efﬁcient in cases in which the
number of packs is very large.
Next we have the following theorem (all proofs of
theorems, lemmas, and corollaries are relegated to
Section 1 of the online supplement).

Theorem 1. (CSP) is a relaxation of (SSP) such that ζCSP ≥

ζSSP when a partial collection of sets #k are considered;
moreover, the relaxation is tight such that ζCSP  ζSSP as
∑
long as P( i Y∗i ξi (ω) ≤ T̂k ) ≥ 1 − αk for any k with Vk∗  1,
where Y∗ and V∗ are solutions of (CSP).

Theorem 1 can be interpreted to mean that we can
use (CSP) to solve the subproblem. If the solution of
(CSP) is feasible to the chance constraints, then it
is naturally optimal to the generic subproblem.
Therefore, using (CSP) to solve the subproblem
can guarantee the optimality of (RMP). The (CSP)
formulation with a restricted collection of sets #k
and 3k is easier to solve than (SSP) because it does
not have second-stage binary decision variables. If
the solution is infeasible to the chance constraints,
we add packs and covers as illustrated by Remark 6
and repeat solving (CSP) until its solution becomes
feasible. Therefore, the packs and covers in (CSP) are
accumulated, and the resulting formulation becomes
increasingly powerful in generating a feasible solution over iterations (the computational performance
of the cover- and scenario-based subproblem formulations is compared in Section 6.3.2).
Remark 7. According to Theorem 1, the pack constraint

(9b) is not needed to yield a feasible solution concerning the chance constraints. We include this constraint in (CSP) because it signiﬁcantly improves the
computational efﬁciency.
4.3.2. Type-Speciﬁc Formulation of the Cover-Based
Subproblem. Our ﬁnal subproblem formulation is to

reformulate (CSP) separately into K + 1 subproblems,
where the kth (k  1, · · · , K) subproblem, which we
refer to as (CSPk ), generates a new column for a
chance-constrained bin of type k. We formulate it as
the following two-stage SMIP:
(CSPk ): ζCSP
 max
k

∑

πi Yi + φk + ϕ − E[O(ω)]

i∈(

(10a)
s.t. (5c) is satisfied for all ω ∈ Ω, and
∑
∑
Yi ≤ M̂3k (|3k | −
Yi ),
i∈4(3k )

∑

(10b)

i∈3k

∀3k ∈ Pk ,
Yi ≤ |#k | − 1,

∀#k ∈ Ck ,

(10c)

i∈#k

Y binary, O ≥ 0.

(10d)

The last subproblem, (CSPK+1 ), is the same as (SSPK+1 )
as discussed in Section 4.2.2.
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4.4. Branch-and-Price Algorithm
In this section, we present a summary of the B&P
algorithm that ﬁnds an optimal integer solution for
the SP-CCSBP problem (a detailed description of the
B&P algorithm is available in Section 2 of the online
supplement). In each major iteration of the algorithm,
we select and fathom a node on the list, and a node
represents an instance of (RMP). We let λ̄ be its optimal solution, ζRMP (λ̄) be the objective value of (RMP)
associated to this node, λ∗ be the current best integer
solution, and UB be the current upper bound of the
optimal objective value. We brieﬂy summarize the
key steps of the B&P algorithm including node selection and branching decisions.
• If ζRMP (λ̄) ≥ UB, then no feasible solution can have
objective value smaller than UB, so we fathom this
selected node.
• If λ̄ is integer for all p ∈ 3 and ζRMP (λ̄) < UB, reset
UB to ζRMP (λ̄) and reset λ∗ to λ̄.
• Finally, if ζRMP (λ̄) < UB and λ̄ is fractional for
some p ∈ 3, we select a pair of items (i, j) from a
column with fractional λ̄p according to the method
as described in Section 4.4.1: place two new “child”
nodes on the list, one with constraint Yi  Yj appended (i and j must appear in the same bin) and the other
with constraint Yi + Yj ≤ 1 appended (i and j must not
appear in the same bin). Then select a child node that
has the smallest objective value among all unexplored
nodes on the list, using column generation to solve the
(RMP) to the optimal continuous solution (i.e., a new
node is added to the list).
Remark 8. We use a pair-based branching strategy that

determines whether two particular items are allocated in the same bin or not (Ryan and Foster 1981).
This strategy has recently been suggested by Hashemi
Doulabi et al. (2016) for its efﬁciency in generating
better integer columns than other branching strategies in solving operating-room-scheduling problems.
4.4.1. Generating an Item Pair. There are many ways

to generate an item pair. A pair is feasible if the two
items therein are different and the pair has not yet
appeared in the parent nodes. Because of the variation
of dual prices, some columns may have the same yip
but different ckp ; however, because these columns
have the same set of items, they can be converted to
satisfy chance constraints associated with the same
bin type. We let 2p denote the set of all columns
(including column p) that have the same elements of
yip as column p. With this deﬁnition, we have the
following lemma:

holds for each column p ∈ 6, then λ can be converted as an
integer solution.
We let 2 denote a collection of columns with 0 < λp < 1
∑
and q∈2p λq < 1. We deﬁne Sq as the set of selected
items in a given column, q. If 2 is empty, according to
Lemma 1, we already have an integer solution; otherwise, we search for a feasible pair for branching
according to the following theorem.
Theorem 2. A column p ∈ 2 must contain a feasible pair if

Sp ⊄ Sq , ∀q  p, and q ∈ 2.

Theorem 2 can be interpreted to mean that, given a
nonempty set 2, the existence of a feasible pair of items in
a column p such that p  argq maxq∈2 |Sq | is guaranteed.

5. Distributionally Robust Version of the
CCSBP Problem
In this section, we consider a DR version of the CCSBP
(DR-CCSBP) problem, which assumes that the distributions of item sizes are ambiguous. We ﬁrst present
a closed-form expression for the worst-case violated
probability, that is, the probability of a bin exceeding its
extension threshold under the worst-case distribution,
and then we approximate the DR-CCSBP problem as an
MIP formulation based on this expression.
5.1. DR-CCSBP Problem with Moment Information
We relax the assumption that the distribution of each
item size is known, and we consider the case in which only
the mean μi and variance σ2i of the item sizes are known,
which can be expressed by the following ambiguity set:
{
}
[
]
$  D ∈ Σ : E[ξi (ω)]  μi , E ξi (ω)2  μ2i + σ2i , ∀i ∈ ( ,

where Σ represents the entire family of probability
distributions.
The DR-CCSBP problem assumes that the extension threshold of each chance-constrained bin can be
exceeded with at most probability αk under the worstcase distribution in the ambiguity set, $. We deﬁne
additional decision variables, ô ∈ R|5|
+ , such that ôr is
the extension of bin r. The DR-CCSBP problem can
be expressed as follows:
∑
min
ôr
(11a)
r∈5

s.t. ôr ≥
∑
r∈5

∑

xir  1,
(

inf P

D∈$

xir μi − T,

∑

q∈2p

λq  0 or 1

(11b)

∀i ∈ (

(11c)

)
xir ξi (ω) ≤ T̂k ≥ 1 − αk ,

i∈(

Lemma 1. If the following condition,

∑

∀r ∈ 5

i∈(

∀k  1, · · · , K, ∀r ∈ 5k
x binary, ô ≥ 0.

(11d)
(11e)
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The objective (11a) is to minimize the total extension
of bins based on the mean value of item sizes. We
consider the mean-based bin extension because this
simpliﬁes the formulation, allowing us to approximate the problem as an MIP. Constraint (11b) determines the extension of each bin. Constraint (11c)
ensures that each item is allocated to exactly one bin.
Constraint (11d) deﬁnes the DR chance constraints.
The main challenge for solving formulation (11)
is that constraint (11d) is no longer well deﬁned by
SAA, which involves sampling from a distribution
that is ﬁxed in advance. However, we can employ
the existing result in Calaﬁore and El Ghaoui (2006)
to approximate constraint (11d) as a closed-form
expression.
To approximate constraint (11d), we ﬁrst consider
an artiﬁcial item size, ξ, with mean μξ and variance
σ2ξ . This item exclusively occupies a bin with extended size, T̂ξ . The DR chance constraint associated
with ξ can be expressed as follows:
Theorem 3 (Calaﬁore and El Ghaoui 2006, theorem 3.1).

Although qijr are binary decision variables, they can be
naturally relaxed to continuous nonnegative decision
variables. We approximate the DR-CCSBP problem as
an MIP as shown in the following theorem:
Theorem 4. When item sizes are mutually independent,

formulation (11) of the DR-CCSBP problem can be approximated as the following MIP formulation:
∑
ôr
(ROP): min
(15a)
r∈5

s.t. (11b), (11c) satisfied for all r ∈ 5,i ∈ (, and
∑
μi xir ≤ T̂k , ∀k  1, · · · , K, ∀r ∈ 5k
r∈(

∑
∑
Λik xir − 2
μi μj qijr ≤ T̂k2 ,
i∈(

i,j∈(,j>i

∀k  1, · · · , K, ∀r ∈ 5k
(15c)
xir + xjr − qijr ≤ 1,
∀distinct i, j ∈ (, ∀r ∈ 5

For any α ∈ (0, 1), the DR chance constraint
(
)
inf P ξ ≤ T̂ξ ≥ 1 − α

D∈$

(12)

is equivalent to the following constraint:
√̅̅̅̅̅̅̅
1−α
μξ +
σξ ≤ T̂ξ .
α

(13)

With Theorem 3, we are able to reformulate constraint (12) as follows:
μξ ≤ T̂ξ ,
)
1−α 2 (
2
σξ ≤ T̂ξ − μξ .
α

(14a)
(14b)

We approximate (14b) as linear constraints with
mixed-integer decision variables and the DR-CCSBP
problem as an MIP formulation. For each bin r, we let
ξr represent the aggregate size of items allocated to
∑
bin r, that is, ξr  i∈( ξi xir . Note that this is an approximation of the true DR chance constraints as
deﬁned in (11d) because we consider the moment
constraints related to the aggregated item size rather
than individual item sizes. As a result, $ is relaxed,
and thus, the solution is more conservative; however,
we show in Section 6 that this formulation gives very
good solutions. We further assume that item sizes are
mutually independent so that the variance of ξr can be
∑
calculated as σ2ξr  i∈( σ2i xir . We introduce new decision variables, q ∈ {0, 1}|(|×|(|×|5| , such that qijr  1 if
both items i, j are in bin r, and qijr  0 otherwise.

(15b)

xir − qijr ≥ 0,

(15d)
∀distinct i, j ∈ (, ∀r ∈ 5

xjr − qijr ≥ 0,

(15e)
∀distinct i, j ∈ (, ∀r ∈ 5

x binary, q, ô ≥ 0,

(15f)
(15g)

2
2
k
where Λik  1−α
αk σi + 2T̂k μi − μi .

Remark 9. Regarding the Dantzig–Wolfe formulation

of the DR-CCSBP problem, the master problem can be
formulated the same as (MP); however, the subproblem formulation is different, which is given in Section 3
of the online supplement. The B&P algorithm as proposed in Section 4.4 can directly apply for the Dantzig–
Wolfe formulation of the DR-CCSBP problem.
5.2. Symmetry in the DR-CCSBP Problem
In this subsection, we address the symmetry in the
DR-CCSBP problem. The DR-CCSBP problem has symmetric solutions concerning identical bins and identical
items. The identical items in the DR-CCSBP problem
denote the items with the same mean and variance of
item sizes (note that the identical items in the SP-CCSBP
problem denote the items with the same samples of
item sizes, and thus, they do not exist because item
sizes are independently sampled for all items).
We address the symmetry issues from both formulation and algorithm levels. For the extensive formulation of the DR-CCSBP problem, that is, (ROP), the
symmetry issues can be directly addressed from the
formulation level. Speciﬁcally, we can add constraint (3)
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to eliminate symmetric solutions concerning identical
bins and add the following constraint to break the
symmetry associated with identical items:
r
∑
q1

xjq ≤

r
∑

xiq , ∀i < j, μi  μj , σ2i  σ2j , ∀r,

(16)

q1

where constraint (16) ensures that identical items are
allocated to bins in a lexicographic order.
For the Dantzig–Wolfe decomposition, the formulation can automatically break the symmetry associated with identical bins; however, it cannot break
the symmetry of identical items from the formulation
level because the allocation of items is generated independently for each bin in the subproblem. Instead,
we address this symmetry issue from the algorithm
level. Speciﬁcally, the symmetry issue associated with
identical items appears in the form of redundant nodes
in the branch-and-bound tree. We address this issue by
considering an approach to detect and prune the redundant node. The details of this approach are available in Section 4 of the online supplement.
5.3. Approximating the SP-CCSBP Solution Using
DR Optimization
In general, formulation (ROP) for the DR-CCSBP
problem is much easier to solve than formulation
(P) for the SP-CCSBP problem because it has a signiﬁcantly fewer number of binary decision variables,
which makes it possible to serve as a useful approximation to the latter for very large-scale problems.
However, it is well known that the DR solution tends to
be much more conservative than the stochastic solution. Speciﬁcally, regarding a given probability tolerance, αk , for the chance constraints of type k, the
DR-CCSBP problem may generate a solution with a
“real” violated probability that is much smaller than
αk (which means the bin is overprotected).
In this section, we consider choosing an adjusted
probability tolerance, α̂k (α̂k ≥ αk , ∀k), in formulation
(ROP) so that solving this formulation with α̂k can
generate a solution with similar performance to that
of the SP-CCSBP solution with probability tolerance
αk regarding the real violated probabilities.
Similar to Section 5.1, we consider an artiﬁcial item
size, ξ, with mean μξ and variance σ2ξ that exclusively
occupies a bin with extended size, T̂ξ . Under this
setting, we deﬁne
(
)
αWC

sup
P
ξ
≥
T̂
,
(17)
ξ
ξ
D∈$ξ

where $ξ is the ambiguity set of the distribution of ξ
deﬁned by its mean and variance.
It has been shown that the general chance-constrained
program can be reformulated based on SAA with
the approximation error converging to zero as the

sample size increases to inﬁnity (Pagnoncelli et al.
2009, proposition 2.1). This means any probability
distribution for the chance-constrained program can
be replaced by a discrete distribution with sufﬁciently large-sized samples, including the worst-case
distribution in our case. Moreover, we have the following result on the worst-case distribution of ξ.
Lemma 2. There exists a discrete distribution of ξ with at

most three points that maximizes αWC
ξ .

Then, based on Lemma 2, we can further show a
closed-form expression of αWC
ξ by the following theorem.
Theorem 5. Given an item size with mean μξ and vari-

ance σ2ξ , and a bin size T̂ξ , the probability αWC
ξ as deﬁned by
Equation (17) can be expressed as follows:

αWC
ξ

⎪
⎧
1,
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨ μξ /T̂ξ ,

⎪
σ2ξ
⎪
⎪
⎪
(
) ,
⎪
⎪
⎪
⎪
⎩ σ2ξ + T̂ξ − μξ 2

if μξ > T̂ξ ,
if μξ ≤ T̂ξ , μ2ξ + σ2ξ > μξ T̂ξ ,
if μξ ≤ T̂ξ , μ2ξ + σ2ξ ≤ μξ T̂ξ .
(18)

Moreover, the following corollary reveals the worstcase violated probability.
Corollary 1. The probability αWC
is continuous with reξ
WC
spect to μξ , σ2ξ , and T̂ξ , respectively, and αWC
ξ  α̂ξ , where
α̂WC
ξ  supD∈$ξ P(ξ> T̂ξ ).

Note that α̂WC
is the real worst-case violated probξ
ability for ξ.
Using the closed-form expression of αWC
ξ in Theorem 5,
we can approximate the SP-CCSBP solution by solving
formulation (ROP) with an adjusted probability tolerance. Setting this tolerance exactly could be difﬁcult
because it depends on the allocation decisions. However,
there are several ways to set the tolerance approximately.
Speciﬁcally, we consider the following approaches:
• Aggregate-item approach: we consider the artiﬁcial item to be an aggregate of all items in (, and thus,
∑
∑
we set μξ  i∈( μi , σ2ξ  i∈( σ2i . We set T̂ξ to be the
(1 − αk )-percentile value of a normal distribution with
μξ and σ2ξ . We use the normal distribution because the
size of the aggregate item is the sum of multiple
(n > 10) independent item sizes. Finally, we set α̂k 
αWC
as the probability tolerance for formulation (ROP),
ξ
where αWC
is determined by Theorem 5.
ξ
• Average-item approach: we consider the artiﬁcial
item to be an average item that takes the average mean
and the
across all items, that is,
∑ average∑ variance
2
2
i∈( μi
i∈( σi
μξ  n , σξ  n . Based on μξ and σ2ξ , we set T̂ξ to
be the (1 − αk )-percentile value of the speciﬁc distribution type of the SP-CCSBP problem (note that this
approach assumes all item sizes have the same distribution type). Finally, we set α̂k  αWC
ξ .
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Our experiments show that these approximation
approaches have similar performance regarding the
expected bin extension and the violated probability
(see details in Section 5 of the online supplement), but
the average-item approach can obtain a violated probability that is slightly closer to the probability tolerance.
Therefore, in our computational experiments, we use
the average-item approach.

into three sets based on the number of surgeries on a
single day on which sets 1–3 contain instances of
small, medium, and large sizes, respectively. We
set 5  {1, · · · , 9}, T  10, K  2, and αk  10%, ∀k 
1, · · · , K. For the chance-constrained ORs, we further
set 51  {1, 2, 3}, T̂1  10, 52  {4, 5, 6}, and T̂2  12.
The details of the parameter estimation are available
in Section 6 of the online supplement.

6. Computational Results

6.2. Experimental Setting
Our main purposes of the experiments are to investigate the following:
1. How the B&P algorithm performs on solving the
SP-CCSBP problem compared with a B&C algorithm
and which of the subproblem formulations performs
best.
2. How the B&P algorithm performs at solving the
DR-CCSBP problem compared with a standard B&C
algorithm and how the redundant node-detection
method performs.
3. How the proposed formulations perform in real
practice at reducing the overtime of surgery scheduling compared with a heuristic bin-packing solution
and how well the chance constraints are fulﬁlled by
these solutions.
We compare our B&P algorithm with a standard B&C
algorithm and a well-known longest-processing-time
(LPT) ﬁrst assignment heuristic. The details of the experimental setting are available in Section 7 of the online
supplement. To compare the computational performance, we randomly chose 10 instances from each of
the three instance sets for a total of 30 instances. The
complete test instances are available as a separate
online supplement.

In this section, we test our proposed approaches on
instances of the SP-CCSBP and DR-CCSBP problems. Because there are no standard test instances
for this problem, we construct formulation instances
in the context of surgery scheduling based on real
data, and we use these instances to evaluate the
performance of the B&P algorithm for the SP-CCSBP
and DR-CCSBP problems. In this context, the bins
are ORs that are available for some nominal period
during the day of surgery (e.g., 10 hours). The items
represent surgeries, and the item sizes represent the
surgery durations. Figure 1 illustrates the problem
with a small example that has three ORs and eight
surgeries.
This is an important application because of the high
cost of OR utilization and OR staff overtime (Deng
et al. 2020). The latter is associated with anxiety and
poor morale among OR nurses and, ultimately, a high
turnover rate among nurses (e.g., see a report by
Nursing Solutions 2016). This is particularly important
because there is a severe shortage of OR nurses nationwide. To address concerns about overtime, some hospital
administrators are implementing a rotating schedule.
Under this paradigm, a portion of ORs has low overtime
so that nurses allocated to the OR have predictable shift
completion times. Staff then rotate among ORs from
day to day so that all staff beneﬁts from predictable shift
durations on some portion of the surgery days.
6.1. Parameter Estimation
We use data from the inpatient surgical suite at Ruijin
Hospital in Shanghai, China. The data are classiﬁed

6.3. Computational Performance of Methods for the
SP-CCSBP Problem
In this section, we investigate the performance of the
scenario-based subproblem formulations, the coverbased subproblem formulations, and the overall performance of the B&P algorithm compared with the B&C
algorithm on solving the SP-CCSBP problem.

Figure 1. (Color online) Comparison of Regular OR Allocation and Chance-Constrained OR Allocation for a Small Example
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6.3.1. Selection of the Subproblem Formulations. We

have many choices to implement the subproblem
formulation in the B&P framework. Speciﬁcally, for
the scenario-based subproblem formulation, we investigated the choices between the type-speciﬁc formulation and the extensive formulation; the choices
between selecting all improving columns and selecting
the ﬁrst improving column; and the choices of big-M
coefﬁcients between without strengthening, with relaxed strengthening, and with exact strengthening. For
the cover-based subproblem formulation, we investigated the choices between the type-speciﬁc formulation and the extensive formulation, the choices between selecting all improving columns and selecting
the ﬁrst improving column, and the choices between
including and not including the probabilistic pack inequalities. We provide the main results here, but further details are available in Section 8 of the online
supplement.
• The type-speciﬁc scenario-based subproblem formulation with selecting all columns and the relaxed
strengthening of big-M coefﬁcients had the best performance, which we refer to as (SSPk ).
• The extensive cover-based subproblem formulation
with including the probabilistic pack inequalities had
the best performance, which we refer to as (CSP). Another type-speciﬁc cover-based subproblem formulation with selecting all columns and probabilistic pack
inequalities had comparable performance with (CSP),
which we refer to as (CSPk ).
6.3.2. Performance Comparison of Methods for the SPCCSBP Problem. We ﬁrst compare the solution time

for the subproblems in each iteration of the B&P
Figure 2. (Color online) The Mean Solution Time (CPU
Seconds) for the Subproblem in Each Iteration of the B&P
Algorithm for (SSPk ) and (CSPk ), Respectively, Where the
95% Conﬁdence Intervals Are Generated Based on the
Results of 10 Instances

INFORMS Journal on Computing, 2020, vol. 32, no. 3, pp. 547–564, © 2020 INFORMS

algorithm for (SSPk ) and (CSPk ). In Figure 2, the
solution time for (SSPk ) is the time spent to solve the
K + 1 type-speciﬁc subproblems. The time for (CSPk )
includes the time spent to solve the K + 1 type-speciﬁc
subproblems, check the feasibility and possibly add
pack and cover constraints and repeatedly solve the
subproblem until the solution becomes feasible.
As we observe from Figure 2, the solution time for
the subproblems (CSPk ) at beginning iterations is similar to the solution time for (SSPk ), but after 20 iterations,
(CSPk ) becomes signiﬁcantly faster than (SSPk ). This
is because (CSPk ) has many fewer binary decision variables; moreover, its pack and cover constraints can
be accumulated over iterations, and thus, the formulation is strengthened more as the iterations continue.
We then compare the performance of the B&C algorithm and the B&P algorithms based on (SSPk ), (CSPk ),
and (CSP), respectively. The B&C algorithm used the
same big-M coefﬁcients as (SSPk ), and (SSPk ) applied
the same column-management policy as (CSPk ). In
Table 1, we report the relaxation gap (i.e., the gap
between the objective values of formulations with binary and continuous decision variables, respectively),
the solution time, the number of nodes explored, and
the optimality gap. For simplicity, we omit the time for
strengthening coefﬁcients (less than four seconds). The
following observations can be made from Table 1:
1. The Dantzig–Wolfe formulation (MP) as included in the B&P algorithms has a much tighter
relaxation gap than the extensive formulation (P) of
the SP-CCSBP problem as included in the B&C algorithm (1.2% versus 88.6% on average across all instances), which explains why the B&P algorithms
generally outperformed the B&C algorithm.
2. From the results of (SSPk ) and (CSPk ), we observed
that solving cover-based subproblem formulations is
more efﬁcient than the scenario-based subproblem formulations. This is because (SSPk ) spent more time
solving the subproblem (see Figure 2). Note that, in instances of set 3, (SSPk ) spent less solution time than
(CSPk ) because it quickly solved a few instances, but
for most instances, the algorithm terminated at the
time limit (3,600 seconds) with much larger optimality
gaps than (CSPk ).
3. The B&P algorithm based on (CSP) had the best
overall performance across all instance sets with an
average solution time of 1,564 seconds and mean
optimality gap of 1.1% for instances of set 3.
6.4. Computational Performance of Methods for the
DR-CCSBP Problem
In this section, we investigate the performance of the
B&P algorithm for the DR-CCSBP problem, the redundant node-detection method, and approximating
the SP-CCSBP solution using DR optimization. First,
we compared the B&P algorithm for the DR-CCSBP
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Table 1. Overall Performance of Selected Methods for the SP-CCSBP Problem

Relaxation gap

Solution time
(CPU seconds)

Number of
nodes explored

Optimality gap

Set

Method

Average, %

Maximum, %

Average

Maximum

Average

Maximum

Nopt

Average, %

Maximum, %

1

B&C
(SSPk )
(CSPk )
(CSP)
B&C
(SSPk )
(CSPk )
(CSP)
B&C
a
(SSPk )
(CSPk )
(CSP)

100
0.2
0.2
6.5
95.5
0.0
0.0
0.1
70.2
NA
1.1
2.0

100
2.4
2.4
51.7
100
0.1
0.1
1.2
97.4
NA
3.5
6.4

1,865.5
7.0
4.7
2.9
3,600
160.9
78.9
77.0
3,600
2,662.2
3,263.0
1,564.4

> 3,600
19.3
13.4
7.7
> 3,600
511.2
119.1
149.5
> 3,600
> 3,600
> 3,600
> 3,600

702K
15
66
98
113K
100K
55K
95K
64K
1,841K
2,268K
2,521K

1,335K
99
660
941
205K
204K
106K
241K
99K
3,624K
5,050K
6,637K

7
10
10
10
0
10
10
10
0
3
1
8

20.9
0.0
0.0
0.0
88.3
0.0
0.0
0.0
70.7
60.2
1.1
1.1

74.7
0.0
0.0
0.0
94.3
0.0
0.0
0.0
90.4
100
3.5
6.4

2

3

Notes. K = 1,000. Nopt is the number of instances that were solved to optimality. When calculating the average, the solution time of the unsolved
instance was considered as 3,600 seconds.
a
Because the lower bound costs (i.e., relaxed master problems) of six instances were not solved within 3,600 seconds, we considered their
relaxation gap as “NA” (unavailable) and optimality gap as 100%.

problem with and without the redundant nodedetection method and the B&C algorithm that was
enhanced by constraints (3) and (16) to break the
symmetry of both identical bins and items. We report
the relaxation gap, the solution time, the number of
nodes explored, and the optimality gap in Table 2.
Note that, in this subsection, we omitted the results of
set 1 because the computation time is negligible (less
than ﬁve seconds) for all methods.
As can be observed from Table 2, the B&C algorithm generally outperformed the B&P algorithms
across the experimented instances, which can be
explained by the following reason: the symmetry of
identical items was entirely broken in the B&C algorithm by constraint (16), and the symmetry (to
some extent) still exists in the B&P algorithms.
Another observation is that the redundant nodedetection method in some instances of set 2 helped in
speeding up the B&P algorithm, but in many other
instances, B&P-D was no faster than B&P. As we
discuss in Section 4.2 of the online supplement, the

performance of the detection method is highly affected by the dynamic process of pair generation and
node selection that is independent of the redundant
node detection. As a result, many unnecessary nodes
were generated before the redundant node appears.
Identifying a more efﬁcient way to address the symmetrical issue of identical items in the B&P algorithm
is an important direction for future work.
In general, the DR-CCSBP problem is much easier
to solve than the SP-CCSBP problem. As a result, the
former could potentially serve as an approximation
for the latter problem to avoid the long computation
time necessary for large problem instances. We evaluated
the maximum violated probability and expected overtime of the SP-CCSBP and DR-CCSBP solutions under
20,000 independently generated scenarios of various
distributions, including lognormal (LOGN), uniform
(UNIF), and gamma (GAMM). (Note that surgery durations in UNIF were truncated at zero, which only
affects a negligibly small number of surgeries.) We set
the probability tolerance for the SP-CCSBP problem as

Table 2. Overall Performance of Different Methods for the DR-CCSBP Problem

Relaxation gap

Solution time
(CPU seconds)

Set

Method

Average, %

Maximum, %

Average

2

B&C
B&P
B&P-D
B&C
B&P
B&P-D

99.8
36.0
36.0
88.6
35.3
35.3

100.0
93.1
93.1
100.0
51.3
51.3

110.8
1,824.5
1,592.9
931.0
1,213.9
1,220.7

3

Maximum
295.9
> 3,600
> 3,600
2337.5
> 3,600
> 3,600

Number of
nodes explored

Optimality gap

Average

Maximum

Nopt

Average, %

Maximum, %

60K
295K
265K
194K
339K
420K

130K
703K
574K
488K
903K
1,303K

10
5
6
10
7
7

0.0
0.6
0.4
0.0
0.3
0.3

0.0
2.7
2.7
0.0
1.3
1.3

Notes. K = 1,000. Nopt is the number of instances that were solved to optimality. B&P is the standard B&P algorithm, and B&P-D is the B&P
algorithm combined with the redundant node detection method.
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Table 3. The Maximum Violated Probability (ᾱ) and Mean
Total Expected Overtime (Ō)
SP-CCSBP
solution
with αk

DR-CCSBP
solution
with αk

DR-CCSBP
solution
with α̂k

Set

Distribution type

ᾱ, %

Ō

ᾱ, %

Ō

ᾱ, %

Ō

2

LOGN
UNIF
GAMM
LOGN
UNIF
GAMM

11.7
12.4
12.2
14.9
18.2
15.8

3.4
3.1
3.3
12.3
12.3
12.3

1.1
0.0
0.6
1.2
0.0
0.8

9.6
9.6
9.6
22.9
23.0
23.0

10.0
10.5
10.4
10.0
10.2
10.1

4.0
3.8
3.9
13.5
13.6
13.6

3

Notes. The results are evaluations based on 20,000 independently
sampled scenarios. ᾱ is the maximum violated probability across all
chance-constrained bins and 10 instances. αk  10%, and α̂k was set as
in Section 5.3.

αk  10%, and we set the adjusted probability tolerance for the DR-CCSBP problem according to the
method as discussed in Section 5.3. The results are
reported in Table 3. From this table, we can make the
following observations:
1. The SP-CCSBP solution demonstrates moderate
infeasibility concerning the chance constraint. There are
multiple potential reasons for this. The ﬁrst reason is that
we only used 500 scenarios for optimization, which
resulted in a 1.7%–4.9% gap in achieving the probability tolerance. The second potential reason is due to
intentional use of the “wrong” distribution type. In
addition to the limited number of scenarios sampled for
optimization, the intentional use of the wrong distribution
could also have caused the increased gap to 2.2%–8.2%.
2. The DR-CCSBP solution with αk is too conservative. However, when the probability tolerance is
adjusted to α̂k , the DR-CCSBP problem ﬁnds competitive solutions to the SP-CCSBP problem. Moreover, the violated probability under the DR-CCSBP
solution was much closer to the probability tolerance
than under the SP-CCSBP solution. A plausible reason is that the DR-CCSBP solution takes advantage
of modeling the worst-case chance constraint to obtain

robust outcomes, which is well aligned with the rationale
behind using a robust optimization formulation.
6.5. Scheduling Performance of the
Proposed Formulations
Now we investigate how much our proposed formulations can improve upon the LPT heuristic in
surgery-scheduling practice. We evaluated the violated probability and the expected overtime reduction of their solutions over the LPT heuristic in
surgery-scheduling practice. We tested 10 instances
in sets 2 and 3, respectively, and the surgery durations
for evaluation were bootstrapped from the historical
data of the same surgery type. We report the results in
Table 4.
As can be observed from Table 4, the SP-CCSBP
solution signiﬁcantly reduced the expected overtime
by 19.8%–26.5% compared with the LPT heuristic
although the violated probability was slightly higher
(≤1.6%) than the heuristic. The DR-CCSBP solution
also reduced overtime signiﬁcantly, and it had a
smaller violated probability than the heuristic at the
same time. Because the SP-CCSBP solution achieved
the minimum overtime, it is favored when small extension of the violated probability is acceptable; on the
other hand, the DR-CCSBP solution is favored when the
violated probability must be strictly controlled.

7. Conclusion
This article addresses methods for the stochastic binpacking problem with chance constraints. We formulated the SP-CCSBP problem as a two-stage SMIP
formulation that is similar to other previously proposed formulations. We addressed the computational
challenges for this formulation by using a Dantzig–
Wolfe formulation that can be solved using a B&P
algorithm. The algorithm was further improved by
reformulating the subproblem of the Dantzig–Wolfe
formulation based on probabilistic packs and covers.
A series of computational results show that both
the Dantzig–Wolfe formulation and the subproblem
reformulation considerably reduce the computation

Table 4. Scheduling Performance of the Proposed Formulations Compared with the
LPT Heuristic

Set
2

3

Solution

ᾱ,%

Ō

Expected overtime reduction
compared with LPT, %

LPT with αk
SP-CCSBP with αk
DR-CCSBP with α̂k
LPT with αk
SP-CCSBP with αk
DR-CCSBP with α̂k

10.3
11.9
10.0
13.8
14.9
10.0

4.6
3.3
3.9
15.4
12.3
13.6

—
26.5
15.5
—
19.8
11.6

Notes. The results are evaluations based on 20,000 scenarios bootstrapped from the historical data of
surgery durations. αk  10%. α̂k was set as in Section 5.3. ᾱ is the maximum violated probability across
all chance-constrained bins and 10 instances, and Ō is the average total expected overtime.
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time required to solve large-scale problem instances
that arise in practice.
We also presented a DR-CCSBP problem under
conditions of ambiguous distributions of item sizes
for which only the mean and variance of the true
distribution are known. Based on a closed-form expression, we approximated the DR chance constraints
as a linear set of constraints and approximated the
DR-CCSBP problem as an MIP with signiﬁcantly
fewer integer decision variables than the SMIP for the
SP-CCSBP problem. Our B&P algorithm can also be
applied to solve the DR-CCSBP problem. Moreover, we
showed that a robust solution with similar overtime
of the SP-CCSBP solution can be achieved by adjusting
the probability tolerance of the DR-CCSBP problem.
Thus, for very large problems, the DR-CCSBP problem
may serve as a useful approximation to the SP-CCSBP
problem.
Future work will study multistage chance-constrained
bin-packing problems with item-to-bin allocation decisions made before the start of the day and dynamic
reallocation decisions throughout the horizon over
which the random item size outcomes are observed. The
problem formulation likely requires nonanticipative constraints that depend on the scenario and the dynamic
state of the bin-packing system. As a result, it is
necessary to study useful formulations that accurately express the feasibility of decisions over time
and for which optimal or good approximate solutions can be obtained efﬁciently. The work presented
in this article lays the foundation for these future
studies.
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