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 Announcements 

 Assignment 3 graded 

 Assignment 4 due Thursday 
 

 

 Midterm next week: 

 No class on Tuesday 

 Midterm on ctools at 5pm Monday 

 Due no later than 10:40 on Thursday 
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 Last Time 

 Project Management: 

 

 CEE 536 is a full class on project 
management 

 

 Flow Shops: 

 

 Johnson’s rule. Proof in on ctools. 
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 Today 

  More about flow shops 

 An IP for optimal permutation schedules for 
𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥  

 

 A heuristic for 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥  

 

 Flow shops with limited storage: 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥 
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 𝐹𝑚   𝐶𝑚𝑎𝑥 

 When considering machines in parallel a schedule 
is defined by a sequence at every machine 

 In a permutation flow shop the sequence is the 
same at every machine: 𝐹𝑚  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥  

 There is always an optimal schedule in which the 
sequence between the first two and last two machines 
does not change 

 

 Therefore 𝐹2   𝐶𝑚𝑎𝑥  and 𝐹3   𝐶𝑚𝑎𝑥 have optimal 
permutation schedules 
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 𝐹𝑚  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

Given a permutation schedule J1  J2 …. Jn the 
completion times can be computed using recursive equations: 

 

𝐶𝑖,𝐽1 = 𝑝𝑙,𝐽1

𝑖

𝑙=1

,         𝑖 = 1,… . ,𝑚 

 
𝐶1,𝐽𝑘 = 𝑝1,𝐽𝑙

𝑘

𝑙=1

,         𝑘 = 1,… . , 𝑛 

 

𝐶𝑖,𝐽𝑘 = max 𝐶𝑖−1,𝐽𝑘 , 𝐶𝑖,𝐽𝑘−1 + 𝑝𝑖,𝐽𝑘     𝑖 = 2,… ,𝑚; 𝑘 = 2,… , 𝑛 
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 𝐹𝑚  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

 

 

A network can be used to visualize computing the makespan 

for 𝐹𝑚  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 for a given sequence J1  J2…. Jn  

7 



 𝐹𝑚  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 Example 

 

 

Consider the following instance of 𝐹4  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 : 
 

 

Jobs J1 J2 J3 J4 J5 

𝑝1,𝐽𝑘 5 5 3 6 3 

𝑝2,𝐽𝑘 4 4 2 4 4 

𝑝3,𝐽𝑘 4 4 3 4 1 

𝑝4,𝐽𝑘 3 6 3 2 5 

What is the makespan for sequence J2J5J3 J1 J4? 
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 𝐹𝑚  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 Example 

 

 

The following network expresses the previous instance of 

𝐹4  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 : 
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 IP Formulation of 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

For flow shops with more than 2 machines: 

 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥  can be formulated as an integer 
program  

 

 Minimizing makespan is equivalent to minimizing total idle 
time on the last machine (why?) 

 

 The formulation must keep track of machine idle time 
between jobs 
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Mmmmm  

IP Formulation of 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

Minimizing makespan is equivalent to minimizing total idle 
time on the last machine 

          min    𝑥𝑗1𝑝𝑖𝑗
𝑛
𝑗=1

𝑚−1
𝑖=1 +  𝐼𝑚𝑗

𝑛−1
𝑗=1  

                  𝑠. 𝑡.    𝑥𝑗𝑘 = 1,                                 for all k𝑗  

                    𝑥𝑗𝑘𝑘 = 1,                                  for all j 

 Iik +  𝑥𝑗,𝑘+1𝑝𝑖𝑗𝑗 +𝑊𝑖,𝑘+1       

     - Wik −  𝑥𝑗𝑘𝑝𝑖+1,𝑗𝑗 − 𝐼𝑖+1,𝑘 = 0,     k = 1. . N − 1; i = 1. . M − 1 

                  𝑊𝑖1= 0,                                      for all i 

      𝐼1𝑘= 0,                                       for all k 
𝑥𝑗𝑘  𝑏𝑖𝑛𝑎𝑟𝑦, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗, 𝑘, 𝐼𝑖𝑘𝑊𝑖𝑘 ≥ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑘 
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Mmmmm  

IP Formulation of 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

Balance Constraints: 
 
Iik +  𝑥𝑗,𝑘+1𝑝𝑖𝑗𝑗 +𝑊𝑖,𝑘+1 =  Wik +  𝑥𝑗𝑘𝑝𝑖+1,𝑗𝑗 + 𝐼𝑖+1,𝑘  

𝑝i+1,k−1 𝑝i+1,k 𝑝i+1,k+1 Machine i+1 

Machine i 𝑝i,k 𝑝i,k+1 

Δ𝑖𝑘 

W𝑖𝑘 

I𝑖𝑘 W𝑖,𝑘+1 

Δ𝑖𝑘 Δ𝑖𝑘 
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 IP Formulation Example 

Write the MIP formulation for the following instance of 
𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥  

Jobs J1 J2 J3 J4 J5 

𝑝1,𝐽𝑘 5 5 3 6 3 

𝑝2,𝐽𝑘 4 4 2 4 4 

𝑝3,𝐽𝑘 4 4 3 4 1 

𝑝4,𝐽𝑘 3 6 3 2 5 
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Slope Heuristic for 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

When the IP formulation becomes difficult or impossible to 
solve the Slope Heuristic can be used: 

Slope Heuristic: 

1) Compute the slope index for all jobs: 

 

  𝐴𝑗 =  𝑚 − 2𝑖 − 1 𝑝𝑖𝑗
𝑚
𝑖=1  

2) Sequence jobs in increasing order of Aj 
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Slope Heuristic Example 

 

 

Use the Slope Heuristic to find a schedule for the following 

instance of 𝐹4  𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 : 
 

 Jobs J1 J2 J3 J4 J5 

𝑝1,𝐽𝑘 5 5 3 6 3 

𝑝2,𝐽𝑘 4 4 2 4 4 

𝑝3,𝐽𝑘 4 4 3 4 1 

𝑝4,𝐽𝑘 3 6 3 2 5 

What is the makespan? 
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 Summary 

Things to remember: 

 For a given schedule you can find the makespan by finding 
the critical path of the “project-like” network 

 𝐹2 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 can be solved to optimality with 
Johnson’s rule 

  𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 can be solved to optimality using a IP 
formulation of 𝐹𝑚 𝑝𝑟𝑚𝑢  𝐶𝑚𝑎𝑥 

 The Slope Heuristic can be used for instances that can’t 
be solved by AMPL 
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 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥 

 Flow shops with limited intermediate storage can 
result in blocking 

 

 

 Blocking occurs when 
the buffer between two 
machines becomes full 
 

 The job on the machine 
prior to the full buffer is 
blocked from 
completing processing 
and the machine sits 
idle 
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 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥 

A flow shop with limited intermediate storage is a special case 
of a flow shop with no intermediate storage  

 The storage space for each job can be treated as a 
machine with zero processing time 

 If Dij is the time job j departs machine i: 

 
 

𝐷𝑖,𝐽1 = 𝑝𝑙,𝐽1

𝑖

𝑙=1

,                      𝑖 = 1,… . ,𝑚 

𝐷𝑖,𝐽𝑘 = max 𝐷𝑖−1,𝐽𝑘 + 𝑝𝑖,𝐽𝑘 , 𝐷𝑖+1,𝐽𝑘−1 , 𝑖 = 2, … ,𝑚; 𝑘 = 2, … , 𝑛 

 

𝐷𝑚,𝐽𝑘 = 𝐷𝑚−1,𝐽𝑘 + 𝑝𝑚𝐽𝑘 ,   𝑘 = 2,… , 𝑛 
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 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥  Example 

0,J1 

1,J1 

m,J1 

0,J2 

1,J2 

m-1,  

Jk 

m,Jk 

m-2, 

Jk+1 

0,Jn 

1,Jn 

m,Jn 

𝑝1,𝐽1 

𝑝2,𝐽1 

𝑝1,𝐽2 
0 

0 0 

0 

0 

0 
𝑝1,𝐽𝑛 

𝑝𝑚,𝐽𝑛 𝑝𝑚,𝐽𝑘 𝑝𝑚,𝐽1 

𝑝𝑚−2,𝐽𝑘+1 

A project network for 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥: 
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 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥  Example 

Construct the project network and find the makespan 

for the following instance of 𝐹𝑚 𝑏𝑙𝑜𝑐𝑘 𝐶𝑚𝑎𝑥 for 

sequence J1 J2 J3 J4 J5 

Jobs J1 J2 J3 J4 J5 

𝑝1,𝐽𝑘 5 5 3 6 3 

𝑝2,𝐽𝑘 4 4 2 4 4 

𝑝3,𝐽𝑘 4 4 3 4 1 

𝑝4,𝐽𝑘 3 6 3 2 5 
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