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Reminder: Mini Project 

In groups of 3-4 pick a scheduling application you are 
interested in and present to the class 

 

Presentations will be in class April 9 and 14.  
 

Due Thursday, March 24: Names of people on your 
team, team name, a summary (max one page) describing 
what you plan to cover in your presentation. 
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Presentation Guidelines 
 
 Presentations should be about 10 minutes in duration  

 

 Everyone in the group should be involved in the presentation 

 

 The presentation should describe the topic and its relationship to 
topics covered in this class 

 

 Class survey will define the grade which will count for 1/3 of 
participation component (5% overall); Survey question: “This 
presentation was clear, interesting, and informative: 1, 2, 3, 4, 5”.  

 

 Resources for presentations:  
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http://www.nature.com/scitable/ebooks/english-communication-for-scientists-

14053993/giving-oral-presentations-14239332 

http://www.pcworld.idg.com.au/slideshow/366369/world-worst-powerpoint-

presentations/ 
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Sports Applications 
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Motivation  

In practice many parameters in 
scheduling models are stochastic: 

 Processing Times 

 Machine availability (breakdowns) 

 Number of jobs 

 Release times 

 Due dates 

 Job routings 

 Setup times 
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Cancer Center Overview 

Clinic 

Oncology 

Treatment 

Center  

Radiology 

Central 

Labs 

Pharmacy 

Patient Arrives 

Patient Radiology 

Scan 

Specimen 

sent to 

Central Labs 

Patient travels to 

OTC 

Results sent 

to Pharmacy 

Results sent to 

OTC 

Mixed drug 

sent to OTC 

Example: Chemotherapy Infusion 
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Oncology Treatment 

Center (OTC): 

 Location where 

chemotherapy received 

 Organized in “pods” 

 Dependent on many 

cancer center activities 

Example: Chemotherapy Infusion 
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OTC Pod Flow: 

Example: Chemotherapy Infusion 
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Uncertain scheduling 

parameters: 

 Infusion time 

 Patient arrival times 

 IV hookup 

 Number of patients/day 

 

Infusion Time Distribution 
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Example: Chemotherapy Infusion 

Number of Patients/Day 

Learn More (Paper on Ctools): 

Woodall et al. “Improving Patient 

Access to Chemotherapy 

Treatment at Duke Cancer 

Institute,” Interfaces, 2012 

60 90 30 120 150 180 210 240 270 300 



Probability Review 

 

The triplet Ω,𝐴, 𝑃  defines a probability space: 

 

 Ω  is the set of all outcomes 

 𝐴 is the set of all subsets of Ω , called events 

 𝑃 is a probability measure 

 

Probability spaces must satisfy certain properties: 

 

 Axiom 1. 𝑃(Ω) =1 

 Axiom 2. 0 ≤ P E ≤ 1 for any 𝐸 ∈ 𝐴 
 Axiom 3. For a set of n disjoint events: 

 

   𝑃  𝐴𝑖
𝑛
𝑖=1 =  𝑃{𝐴𝑖}

𝑛
𝑖=1   
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Probability Review 

 

A random variable is a function that maps from a 

probability space to the set of real numbers 

 

Example: 

 

If Ω = 𝐻𝑒𝑎𝑑, 𝑇𝑎𝑖𝑙  and P Head = P Tail = 0.5 then 

the function: 

  

 z 𝜔 =   
−1, 𝑖𝑓 𝜔 = "𝐻𝑒𝑎𝑑"
1, 𝑖𝑓 𝜔 = "𝑇𝑎𝑖𝑙"

  

 

is a random variable. 
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Types of Probability Distributions 

Continuous vs. Discrete Distributions 

 

Discrete distributions have a countable set of possible 

outcomes 

 

Continuous distributions may assume real values within 

one or more intervals: 

 

  𝐹 𝑡 = 𝑃 𝑍 ≤ 𝑡 =  𝑓 𝑧 𝑑𝑧
𝑡

0
 

 

We refer to f 𝑧  as the probability density function (pdf) and 

𝐹 𝑡  as the cumulative distribution function (cdf). 
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Example: Probability Distribution 
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The exponential distribution is commonly encountered: 

    

𝑓 𝑧 = 𝜆𝑒−𝜆𝑧 
 

The corresponding cdf is: 

 

    F 𝑡 = 1 − 𝑒−𝜆𝑡 
 

The mean of an exponentially distributed random variable, z,  

is: 

  E Z =  𝑧𝑓 𝑧 𝑑𝑧 = 1/𝜆
∞

0
 

 

where 𝜆 is the rate of the distribution. 



Expectations 
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The expectation of a function of a discrete random 

variable can be written as 

 

  𝐸𝑍 ℎ 𝑍 =  𝑝 𝜔 ℎ(𝑧 𝜔 )𝑁
𝜔=1  

 

The expectation of a function of a continuous random 

variable can be written as 

 

  𝐸𝑍 ℎ 𝑍 =  ℎ 𝑧 𝑓 𝑧 𝑑𝑧 
∞

0
 

 



Example: 1    C𝑗 
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Consider the following stochastic instance of 1 | | 𝐶𝑗. What 

sequence(s) minimize expected total completion time? 

  

 

Processing Time distributions: 

 

Jobs 1 and 3: 

 

 

 

Job 2: 
 

Outcome (𝜔𝑗)  1 2 

𝑝(𝜔𝑗) 1/2 1/2 

𝑡𝑗(𝜔𝑗) 1 2 

Outcome (𝜔2) 1 2 

𝑝(𝜔2) 2/3 1/3 

𝑡2(𝜔2) 2 4 



Example: 1    C𝑗 
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What is the probability distribution of the total 

completion time for the following stochastic instance 

of 1 | | 𝐶𝑗 assuming sequence J1 J2  J3? 

 

Processing Time Distributions: 

 

Jobs 1 and 3: 

 

 

 

Job 2: 
 

Outcome (𝜔j)  1 2 

𝑝(𝜔𝑗) 1/2 1/2 

𝑡𝑗(𝜔𝑗) 1 2 

Outcome (𝜔2) 1 2 

𝑝(𝜔2) 2/3 1/3 

𝑡2(𝜔2) 2 4 



More Properties of Random Variables 
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 Properties of random variables include their support 

(range), mean, variance, and other higher order 

moments 

 

 Special properties of random variables can sometimes 

be used to define an ordering of random variables 

 

 

Definition: A random variable 𝑍1 is larger in expectation 

than random variable 𝑍2 if 𝐸𝑍1  [𝑍1] ≥ 𝐸𝑍2[𝑍2]. 

 

 



Stochastic Dominance 
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Stochastic orders provide insight beyond the mean of 

random variables: 

 

 

Definition: A random variable 𝑍1 is stochastically larger 

than a random variable 𝑍2 if: 
 

  𝑃 𝑍1 > 𝑡 ≥ 𝑃 𝑍2 > 𝑡 ,   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 
 

 

 



Stochastic Dominance 
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Definition: If 

 

  

  ℎ 𝑧1 𝑓1 𝑧1 𝑑𝑧1 ≥  ℎ 𝑧2 𝑓2 𝑧2 𝑑𝑧2
∞

0

∞

0
 

 

for all convex functions ℎ(⋅) then random variables 𝑍1 and 

𝑍2 satisfy a convex ordering. 

 

This ordering is commonly denoted as 𝑍1 ≥𝑐𝑥 𝑍2. 
   

 



Stochastic Dominance 

Definition:  If 

         

  ℎ 𝑧1 𝑓1 𝑧1 𝑑𝑧1 ≥  ℎ 𝑧2 𝑓2 𝑧2 𝑑𝑧2
∞

0

∞

0
 

 

for all increasing convex functions ℎ(⋅) then random variables 

𝑍1 and 𝑍2 have an increasing convex ordering denoted as   

 
𝑍1 ≥𝑖𝑐𝑥 𝑍2. 
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Examples: Stochastic Dominance 

Following are some examples of convex orders: 

 

  If 𝑋 ∼ 𝑁(𝜇, 𝜎𝑋
2) and Y ∼ 𝑁(𝜇, 𝜎𝑌

2) and 𝜎𝑋
2 ≤ 𝜎𝑌

2 then 

𝑋 ≤𝑐𝑥 𝑌 
 

  If 𝑋 ∼ 𝑈(𝑎, 𝑏) and Y ∼ 𝑈(𝑐, 𝑑) such that 𝐸[𝑋]  =
 𝐸[𝑌] and 𝑉𝑎𝑟 𝑋 ≤  𝑉𝑎𝑟(𝑌) then 𝑋 ≤𝑐𝑥 𝑌 
 

  If 𝑋 ∼ exp (𝜆1) and Y ∼ exp (𝜆2) and 𝜆1 ≥ 𝜆2then 𝑋 ≤𝑐𝑥 𝑌 

 

For many distributions, including uniform, gamma, 

Lognnormal, and Beta, if two random variables have 

the same mean but one has smaller variance then a 

convex ordering exists. 
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Evaluating Fixed Schedules 
 

Example: Consider two instances of 1   𝐶𝑗 with 2 jobs and 

random processing times: 

 

 Instance 1 Processing Times: 𝑍1
(1)
, 𝑍2
(1)

  

  Instance 2 Processing Times: 𝑍1
(2)
, 𝑍2
(2)

 

 

where 𝑍1
(1)
≥𝑐𝑥  𝑍1

(2)
 and 𝑍2

(1)
≥𝑐𝑥  𝑍2

(2)
.  

 

Total completion time is  𝐶𝑗
(1)
= 2𝑍1

1
+ 𝑍2

1
 and 

 𝐶𝑗
(2)
= 2𝑍1

2
+ 𝑍2
2

. Therefore: 

 

𝐸[ 𝐶𝑗
(1)
] ≥ 𝐸[ 𝐶𝑗

(2)
] 
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Evaluating Fixed Schedules 

 

Example: Consider two instances of 𝑃2  𝐶𝑚𝑎𝑥 with 2 jobs with 

random processing times: 

 

 Instance 1 Processing Times: 𝑍1
(1)
, 𝑍2
(1)

  

  Instance 2 Processing Times: 𝑍1
(2)
, 𝑍2
(2)

 

 

where 𝑍1
(1)
≥𝑐𝑥  𝑍1

(2)
 and 𝑍2

(1)
≥𝑐𝑥  𝑍2

(2)
. The makespan is 

𝐶𝑚𝑎𝑥
(1)
=  max {𝑍1

1
, 𝑍2
1
} and 𝐶𝑚𝑎𝑥

(2)
=  max 𝑍1

2
, 𝑍2
2

. 

 

Since max 𝑎, 𝑏  is a convex function it follows: 

 

𝐸 𝐶𝑚𝑎𝑥
1
≥ 𝐸 𝐶𝑚𝑎𝑥

2
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