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In rare situations, stochastic programs can be solved analytically. Otherwise, approximation is necessary to
solve stochastic programs with a large or infinite number of scenarios to a desired level of accuracy. This

involves statistical sampling or deterministic selection of a finite set of scenarios to obtain a tractable deterministic
equivalent problem. Some of these approaches rely on bounds for primal and dual decision variables of the second
stage. We develop new algorithms to improve these bounds and reduce the deterministic approximation error.
Experiments were conducted to compare a sequential approximation approach with and without these new
algorithms. Each algorithm is applied to a set of test instances for a problem of managing semiconductor inventory
with downward substitutions, where random variables only appear in the right-hand side of the second stage.
Experiments were also conducted using a sample average approximation (SAA) algorithm. The sequential
approximation and SAA algorithm generate a feasible solution upon termination. We directly compare the quality
of these solutions using a paired student t-test.
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1. Introduction
For stochastic programs with a very large or an infi-
nite number of scenarios, approximations must be
employed. The most common approximation is Monte
Carlo sampling, which was first used in the context of
sampling-based decomposition by Dantzig and Glynn
(1990). Sampling-based methods have been used to
estimate statistical confidence intervals on the optimal-
ity gap of stochastic programs by Mak et al. (1999),
Glynn and Infanger (2013). The quality of the statis-
tical bounds generated by sampling-based methods
depend on the number of scenarios sampled, but larger
numbers of scenarios generally result in longer compu-
tation times. The number of samples to best trade off
computation time and accuracy is problem specific.

It is also possible to compute a deterministic bound
on the error in an approximation based on deterministic
selection of scenarios. For example, the support of the
random variables can be partitioned into disjoint sets.
Each set corresponds to a distinct scenario, and the
probability that the random variables belong to the set
is the probability of the scenario. The outcomes for
each scenario are the mean values of the random vari-
ables conditioned on those variables belonging to the
corresponding set. Such algorithms can be adapted to

a sequential approximation scheme, where the approxi-
mate problem is iteratively solved and modified by
refining the partition of the support for the random
variables until a desired level of accuracy or some other
termination criterion is reached. Such an approach was
first suggested by Huang et al. (1977).

In this paper, we describe methods to approximate
the solution to two-stage stochastic programs with
random variables appearing only in the right-hand
side of the second stage. We present ways to improve
the bounds on the approximation error developed by
Birge (1985) in the context of a deterministic sequen-
tial approximation algorithm, which we call sequential
bounding. In particular, we consider the problem of
finding tight bounds on optimal values of the second-
stage primal and dual decision variables. Although
decision variable bounds are often readily apparent,
we show how bounds on the optimal values can be
improved for subsets of the random variable support,
resulting in faster convergence of sequential bound-
ing. We also consider improvements to the restricted
recourse bounds of Morton and Wood (1999), which
depend on such decision variable bounds. Finally, we
consider a mathematical programming approach to
find the smallest approximation error by selecting
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representative outcomes for subsets of the random
variable support.

We present three algorithms for bounding the optimal
values of primal and dual decision variables. The first
algorithm uses linear programming complementary
slackness conditions and improves bounds on either
the set of primal or dual decision variables by using
bounds on the other set of variables. In the absence of
primal degeneracy, we show that the tightest upper
and lower bound on each primal and dual decision
variable is the solution of a corresponding nonlinear
program. A linear programming relaxation is used
in the second algorithm for each of these problems.
The third algorithm generates a simplicial cone of
dominated dual solutions. This is used to generate
a disjunctive linear program for each optimal dual
decision variable bound. Finally, we identify special
cases where bounds on the optimal decision variables
can be found using simple recursion.

The algorithms developed in this paper are used in
comparing the performance of the sequential bounding
algorithm with the sample average approximation
(SAA), a Monte Carlo sampling-based approach. Com-
putational experiments are based on a collection of
test instances for an important stochastic program that
arises in the context of semiconductor manufacturing.
We compare the deterministic bounds obtained, using
sequential bounding with each of the algorithms, to
statistical confidence intervals on the optimality gap
obtained by Monte Carlo sampling.

The remainder of this paper is organized as follows.
First, we review the relevant literature on bounding
methods in §2. In §3, the general two-stage stochastic
linear programming problem (2SLP) is given, and in
§4, our sequential bounding algorithm is developed for
this problem. In §5, we describe four approaches for
finding bounds on the optimal second-stage primal
and dual decision variables. In §6, we describe an
inventory planning problem with uncertain demand
and downward substitutions. We present computational
experiments comparing SAA and a variation of the
sequential bounding algorithm. Conclusions are given
in §7.

2. Literature Review
Early work on aggregation bounds was done in the
context of deterministic linear programs. In Zipkin
(1980a, b), upper and lower bounds for the optimal
objective function value of large-scale linear programs
were developed. These bounds are obtained by solving
a smaller, but related, linear program based on an
aggregation of the constraints and variables of the
original problem. Aggregate variables and constraints
are generated through a linear combination of variables
and constraints, respectively. The multipliers used in

the linear combinations can be viewed similar to a
probability distribution over rows or columns of the
problem parameters in the original linear program.
The bounds also depend on establishing bounds on
the optimal primal and dual decision variables of the
original problem.

In Birge (1985), the results of Zipkin were extended
to stochastic programs with continuously distributed
random variables appearing in the right-hand side
of the constraints. In this approach, constraints are
aggregated according to a weighting function. This
weighting function corresponds to the conditional joint
probability distribution associated with the right-hand
side values, given they belong to a subset in a partition
of the support set. Similarly, these weighting functions
are used for aggregating variables that depend on
the random variable values. Wright (1994) extended
these bounds within a measure-theoretic probability
framework, allowing for uncertainties in the constraint
and cost coefficients.

In cases where the objective function is the expected
value of a convex function f of independent random
variables, upper and lower bounds for stochastic pro-
grams can be found. The classic Edmundson-Madansky
inequality (Madansky 1959) provides an upper bound.
This is the expected value of a linear function that over-
estimates f . The classic Jensen’s inequality provides a
lower bound by evaluating f at the expected value of
the random variables. Huang et al. (1977) show these
bounds can be made arbitrarily tight by sequentially
partitioning the support of the random variables into a
successively finer partition and applying the bounds to
each new cell of this partition. Many generalizations of
these bounds and a variety of other bounding methods
have been developed. Morton and Wood (1999) provide
an excellent review of these methods.

Decision variable bounds based on problem structure
have been previously discussed in the literature. Deci-
sion variable bounds for a production planning problem
were discussed in Birge (1983). He used existing con-
straints to develop these bounds, such as nonnegativity
for primal decision variables and elastic penalty costs
for dual variables. Other decision variable bounds
are implied by existing constraints. Decision variable
bounds were also developed by Morton and Wood
(1999) for a network and semiconductor manufacturing
problem. They reasoned that a unit increase in arc
capacity results in no more than one unit of flow; so,
the dual variable corresponding to each flow balance
constraint is less than or equal to one. Birge (1985)
developed methods for decision variable bounds based
on the sign of constraint coefficients and functions of
these coefficients, but a limited number of problems
possess the required structural properties. Denton and
Gupta (2003) used a related bounding approach, and is
the only previous paper we are aware of that improves
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the bounds on decision variables for different subsets of
the random variable support. However, the approach is
limited to a specific appointment scheduling problem.

This paper provides several novel contributions to
the existing literature. First, we present several new
methods to obtain bounds on optimal values for pri-
mal and dual decision variables that can be used to
solve two-stage stochastic linear programs (2SLPs) in
a sequential bounding approach. We identify a class
of special problem structures where optimal decision
variable bounds can be found using simple recursion.
We also develop a new mathematical programming
approach to bound the approximation error by replac-
ing random variables with decision variables. Finally, in
our computational experiments, we directly compare a
sampling-based algorithm to sequential bounding, and
in most cases, demonstrate that sequential bounding
produces low cost solutions.

3. Two-Stage Stochastic Linear Program
The following is a standard formulation for a 2SLP:

Minimize z4x5= cx+Q4x5

s.t. Ax = b1

x ≥ 01 (1)

where Q4x5= E�6Q4x1�4�557 and

Q4x1�4�55= min q4�5y

s.t. W4�5y = h4�5− T 4�5x1

y ≥ 00 (2)

Throughout this paper, different functions are distin-
guished by name and number of arguments. Thus
Q4 · 5 and Q4 · 1 · 5 are distinct. The letter A represents
an m × n matrix of deterministic values, and x ∈

�n is the vector of first-stage decision variables. In
the first-stage constraints, b is a column vector and
c is a row vector of appropriate dimensions. Here,
�4�5= Vec4h4�51T 4�51W4�51 q4�55, where Vec4 · 5 is a
vector whose entries match those of its arguments in
columnwise order. Also, �∈ì indexes the possible
outcomes of �. The components of � are assumed
to be F-measurable regarding the probability space
4ì1F1�5. The letters W and T represent the recourse
and technology matrix, respectively. We assume that the
mathematical program in Equation (2) is feasible for
any feasible first-stage solution x and � ∈ì. We use
the notation Q4 · 5 to denote the recourse function (see
Birge and Louveaux 1997), which is the expectation
over second-stage recourse problems. The vector of
second-stage decision variables of length n2 is denoted
y = y4x1�5 to emphasize its dependence on x and
�. We use y∗4x1�5 to denote an optimal solution to

Equation (2). The matrix W4�5 is m2 × n2, and the
dimensions of the matrix T 4�5, the row vector q4�5,
and the column vector h4�5 associated with the second
stage have conformal dimensions. Subscripts are used
to denote entries of vectors and matrices throughout
this paper. For example, we will refer to the ith entry
of h4�5 as hi4�5 and the element in the ith row and jth
column of T 4�5 as Ti1 j4�5.

The dual linear programming problem associated
with the second-stage recourse problem of Equation (2)
can be written as follows:

max �4h4�5− T 4�5x5

s.t. �W4�5≤ q4�51

� unrestricted in sign. (3)

We use � = �4x1�5 for the dual decision variables
to emphasize the dependence on x and the random
variables �, and �∗4x1�5 is a corresponding optimal
solution.

To define the dual stochastic program of 2SLP given
in Equation (1), additional assumptions must be made
(see Wright 1994). First, we restrict y4x1�4 · 55 to be in
the Lebesgue space, L14ì1F1�3�n25, for any x ≥ 0
such that Ax = b. Furthermore, we assume that there
exists a feasible pair 4x1y4x1�4�555 for 2SLP so that
q4�5y4x1�4�55 is integrable. The dual of 2SLP is as
follows:

max
{

vb+E�6�4�5h4�57
}

(4)

s.t. vA+E�6�4�5T 4�57≤ c1 (5)

�4�5W4�5≤ q4�5 a.s., (6)

where v is a row vector of length m representing the
first-stage decision variables, and �4�5 is a row vector
of length m2 representing the second-stage decision
variables. Here, the constraints in Equations (5) and (6)
are the first- and second-stage constraints, respectively.

Applying the dual form of the results of Rockafellar
and Wets (1976a) to Equation (4), an optimal solution,
v = v∗ and � =�∗, exists if the following conditions
are met: (1) the components of h4�5 are summable,
but possibly unbounded, (2) all other components of �
are bounded, (3) the set of feasible solutions 4v1�5 is
bounded, and (4) � is measurable. For many appli-
cations, these conditions are not restrictive, because
we can truncate distribution functions for random
variables with infinite support with some possible
loss of accuracy. Also, most realistic problems do not
result in arbitrarily large optimal decision variable
values. We will assume that these conditions hold, but
alternative conditions to ensure the existence of v∗

and �∗ in Equation (4) are provided by Rockafellar and
Wets (1976b). Those conditions rely on the existence of
feasible solutions satisfying all the constraints with
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strict inequality. Conditions that do not rely on strict
feasibility or a bounded feasible region are provided in
Korf (2004).

To evaluate Q4x5 or solve an instance of 2SLP directly,
generally the support set æ for the random variables �
must be a finite set with reasonably small cardinality.
In situations where this is not the case, an approximat-
ing problem can be solved where æ is replaced with a
finite set æ̂. Section 4 describes a means for generating
such a finite set so that a bound on the approximation
error can be obtained.

4. Sequential Bounding
Sequential bounding involves partitioning the set æ
into � disjoint Sk sets so that æ =

⋃�
k=1 S

k. We also
define pk = P8� ∈ Sk9 and let �̂k be an arbitrary vector
in Sk for k = 11 0 0 0 1 �. We define the replacement for æ,
the finite support set æ̂= 8�̂k9�k=1, and P8� = �̂k9= pk for
k = 11 0 0 0 1 �. The 2SLP associated with this partitioning
of æ, which we will refer to as the partitioned value
problem (PVP) of 2SLP, can be formulated as follows:

Minimize ẑ�4x1 8�̂k9�k=15= cx+

�
∑

k=1

pkQ4x1 �̂k5

s.t. Ax = b1

x ≥ 00 (7)

It will be convenient to define �k = E6� �� ∈ Sk7 =

Vec4hk1T k1W k1 qk5. We set �̂k = �k and refer to the
resulting PVP as the partitioned mean value problem
(PMVP) of 2SLP. The formulation follows:

Minimize z�4x5= cx+Q�4x5

s.t. Ax = b1

x ≥ 01 (8)

where Q�4x5= E�6Q4x1�5 �� ∈ æ̂7=
∑�

k=1 p
kQ4x1�k5. We

denote the optimal objective function value as z�∗, and
the optimal solution as 4x�∗1 8yk1�∗9�k=15. Notice that the
PMVP of 2SLP is a standard linear program, and the
PMVP of Equation (4) is the dual linear program of
Equation (8). We denote this dual optimal solution as
4v�∗1 8�k1�∗9�k=15.

We restrict each Sk to be a hyper-rectangle aligned
with the coordinate axes. In other words, for each
k = 11 0 0 0 1 �, we set

Sk
=æ∩

(

6a
4k5
1 1 b

4k5
1 7× · · · × 6a

4k5
J 1 b

4k5
J 7
)

1 (9)

where J =m241 +n+n25+n2 is the number of compo-
nents in �. Therefore, for all � ∈ì such that �4�5 ∈ Sk,
a
4k5
i ≤ hi4�5≤ b

4k5
i for i = 11 0 0 0 1m2 and a

4k5
m24j5+i ≤ Tij4�5≤

b
4k5
m24j5+i for i = 11 0 0 0 1m2 and j = 11 0 0 0 1n, etc. Subject

to the assumptions of §3, we note that some of the

values of a
4k5
i and b

4k5
i for i = 11 0 0 0 1m2 can be ±�;

so æ need not be bounded. In §5, we discuss how
to compute lower and upper bounds on the optimal
value of the second-stage recourse decisions for each
hyper-rectangle.

The following result establishes bounds for the
recourse function Q4x5 using the PVP. For the special
case where the PVP is the PMVP, a more compact
version of this proposition and proof is found in Wright
(1994), but our proposition and proof allows for equal-
ity constraints in the primal problem and nonzero lower
bounds for the second-stage dual decision variable
values, which lead to tighter bounds on Q4x5. Wright
(1994) does not allow for arbitrary outcomes associated
with each cell of the partition. We use the freedom to
select these outcomes to develop tighter bounds on the
recourse function in §4.2. The vectors �̂k111 �̂k12 ∈ Sk are
arbitrary vectors with some of their components fixed
to those for �k:

�̂k11
= Vec4hk1T k1 Ŵ k111 q̂k115 (10)

and

�̂k12
= Vec4ĥk121 T̂ k121 Ŵ k121 qk50 (11)

We define yk1UB, yk1LB, �k1UB, and �k1LB to be bounds
on the second-stage recourse decisions:

0 ≤ yk1LB ≤ y∗4x1 �5≤ yk1UB1

�k1LB ≤�∗4x1 �5≤�k1UB1
(12)

for all � ∈ Sk and k = 11 0 0 0 1 �. Here, we use the notation
6 · 7+ = max8·109. Also, Mi1 · denotes the ith row and
M·1 j denotes the jth column of any arbitrary matrix M .

Proposition 1. Let �̂k11 and �̂k12 be defined like in
Equations (10) and (11). Also, let yk1UB, yk1LB, �k1UB, and
�k1LB be defined as in Equation (12). Suppose x is feasible
for the first-stage constraints of 2SLP, Ax = b and x ≥ 0.
Also, assume that y∗4x1 �5 and �∗4x1 �5 are bounded for all
� ∈æ. Then,

�
∑

k=1

pkQ4x1 �̂k115− ��14x1 8�̂
k119�k=15≤Q4x5

≤

�
∑

k=1

pkQ4x1 �̂k125+ ��24x1 8�̂
k129�k=151

where

��14x18�̂
k119�k=15

=

�
∑

k=1

n2
∑

j=1

[

yk1UB
j

∫

Sk

[

�∗4x1�̂k1154W·1 j −Ŵ k11
·1 j 5−4qj − q̂k11

j 5
]+

d�

−yk1LB
j

∫

Sk

[

−�∗4x1�̂k1154W·1 j −Ŵ k11
·1 j 5+4qj − q̂k11

j 5
]+

d�

]
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��24x18�̂
k129�k=15

=

�
∑

k=1

m2
∑

i=1

�k1UB
i

∫

Sk

[

4hi−ĥk12
i 5−4Ti1 ·− T̂ k12

i1 · 5x

−4Wi1 ·−Ŵ k12
i1 · 5y

∗4x1�̂k125
]+

d�

−

�
∑

k=1

m2
∑

i=1

�k1LB
i

∫

Sk

[

−4hi−ĥk12
i 5+4Ti1 ·− T̂ k12

i1 · 5x

+4Wi1 ·−Ŵ k12
i1 · 5y

∗4x1�̂k125
]+

d�0

Proof. See §A of the online supplement (avail-
able as supplemental material at http://dx.doi.org/
10.1287/ijoc.2015.0682). �

When bounds on the second-stage decision variables
are given, Proposition 1 shows that an upper bound on
the recourse function Q4x5 can be found by summing
two quantities. The first quantity

∑�
k=1 p

kQ4x1 �̂k125 is
found by solving a PVP linear program associated with
the �̂k12 vectors for k = 11 0 0 0 1 �. This is an approxima-
tion of Q4x5. The second quantity ��2 is the maximum
error in the approximation for overestimating Q4x5.
Similarly, a lower bound is found from the differ-
ence between an approximation to Q4x5, given by
∑�

k=1 p
kQ4x1 �̂k115, and the maximum underestimation

error in this approximation, given by ��1 .
In general, yk1UB, yk1LB, �k1UB, and �k1LB can be diffi-

cult to determine efficiently. However, any valid bounds
on y∗4x1�5 and �∗4x1�5 will yield valid bounds for
Q4x5. Ideally we would find sufficiently tight bounds
for these second-stage decision variables associated
with each cell of the partition without too much compu-
tational effort. Notice when Equation (2) has multiple
optima, we may select any of the optimal solutions
when defining �∗4x1�5 and y∗4x1�5. The choice of
optimal solutions will in turn determine appropriate
values for the decision variable bounds.

Proposition 1 is valid for any feasible first-stage
solution x, such as one generated using the SAA
described by Shapiro and Homem de Mello (1998) and
Kleywegt et al. (2002). This establishes bounds on the
objective function value associated with this first-stage
solution, because

z4x5= cx+Q4x5≥ ẑ�4x1 8�̂k119�k=15− ��14x1 8�̂
k119�k=15

and

z4x5≤ ẑ�4x1 8�̂k129�k=15+ ��24x1 8�̂
k129�k=150

The following corollary to Proposition 1 establishes
bounds on the optimal objective function value of
2SLP z4x∗5.

Corollary 1. If W and q are constant and the assump-
tions of Proposition 1 hold, then

z�∗
≤ z4x∗5≤ z4x�∗5≤ z�∗

+ ��24x
�∗1 8�k9�k=15

where x∗ is an optimal first-stage solution of 2SLP.

Proof. See §B of the online supplement. �
We emphasize that the bounds of Proposition 1

and Corollary 1 are deterministically valid. This is
in contrast to statistical confidence bounds such as
those discussed in Mak et al. (1999) for estimating
the true objective function value of a feasible or opti-
mal first-stage solution. Notice that the expression
defining the estimation error ��2 is a summation of
integrals. The integrands depend on a linear function
of the difference between random variables in � and
their conditional mean values, given that � ∈ Sk for
each k = 11 0 0 0 1 �. Intuitively, if the partition of the
support for the random variables is refined, the cells
in the partition become smaller, and these differences
become negligible. If the partition is hyper-rectangular,
and the joint distribution function decomposes into a
product of single variable functions, then the multi-
dimensional integrals decompose into the product of
one-dimensional integrals. This is the case when the
components of the random vector are independent or
expressible as a linear transformation of independent
random variables for example.

The use of iterative refinement of the partition 8Sk9�k=1
to improve lower and upper bounds on the optimal
objective function value for 2SLP has been used by
Birge and Wets (1986). In Denton and Gupta (2003), a
less general version of Corollary 1 was applied to an
appointment scheduling problem. Their version was
used with iterative refinement of the partition to pro-
duce a lower and upper bound on the optimal objective
function value for 2SLP that converges to z4x∗5 as �
increases. During the �th refinement of the partition,
� was restricted to the kth cell Sk, and the optimal
values of y in the recourse problem of Equation (2),
with x = x�∗ and � ∈ Sk, were restricted to a subset of
the possible values associated with � ∈æ. The authors
used these restrictions and complementary slackness
to find suitable bounds for �k1LB

i and �k1UB
i through a

forward and backward recursion that exploited the spe-
cial structure of the appointment scheduling problem.
From the computational experience with this problem,
the authors found that the upper bound converged
more slowly to the optimal value z4x∗5 than the lower
bound. Therefore, a methodology that provides tight
bounds for the decision variables may help to improve
convergence and the overall runtime to achieve a given
level of accuracy for 2SLP. In this paper, we generalize
this algorithm to 2SLPs consistent with the assumptions
of §3 and provide methods for improving the bounds
on the second-stage decision variables when � ∈ Sk. The
sequential bounding algorithm for 2SLP is outlined in
Algorithm 1.

Algorithm 1 (Sequential bounding for 2SLP)
1: Let � index the iteration. Set � = 0.
2: Set � = � + 1. Solve the PMVP for the partition

http://dx.doi.org/10.1287/ijoc.2015.0682
http://dx.doi.org/10.1287/ijoc.2015.0682
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8Sk9�k=1. Let 4x�∗1 8yk1�∗9�k=195 be the optimal
solution.

3: Determine upper and lower bounds for optimal
primal and dual second-stage decision variables
using one of the methods described in §5.

4: Calculate ��24x
�∗1 8�k9�k=15 with the bounds

calculated in step 3. If ��24x
�∗1 8�k9�k=15≤ tolerance,

then stop. Otherwise, go to step 5.
5: Refine the current partition 8Sk9�k=1 → 8Sk9�+1

k=1 and
return to step 2.

A sequential approach to defining the partition begins
with � = 1 and S1 =æ. We generate a two cell partition
� = 2 by splitting the first cell into two. The process
continues, splitting one of the cells in the partition to
generate two new cells at each iteration. Many different
approaches to refining the partition are possible. In our
implementation in §6, we will assume that cells are
split perpendicular to one of the coordinate axes, say,
the ith axis, and parallel to all the others to maintain
hyper-rectangular cells. If � is discretely distributed,
then we avoid splitting cells with only a single value
Sk = 8�k9 because there is no difference between PMVP
and 2SLP if every cell is a singleton.

A few comments about the convergence of sequential
bounding are in order. In reference to Equation (1),
if Q4x1�5 is a convex function of �, which is the
case when random variables only appear in T and h,
then sequential bounding will converge as long as
maxk8P 6� ∈ Sk79→ 0 as � → � (this is shown by Birge
and Wets 1986). In our computational experiments
in §6, random variables only appear in h; so, con-
vergence is guaranteed. Convergence is also possible
with random variables appearing elsewhere. Penna-
nen (2009) provides such conditions, which rely on
the existence of feasible solutions satisfying all the
constraints with strict inequality. In the case where
all random variables are discretely distributed, for
example, sequential bounding will always terminate
after a finite number of iterations.

Predicting the accuracy of sequential bounding for
a given total runtime is difficult and likely problem
dependent. In practice, one may run the sequential
bounding algorithm for as long as possible to find a
solution with the lowest possible error. Based on our
numerical experimentation, most of the computation
time is taken by the solution of the linear program in
step 2 of Algorithm 1. Since one scenario is replaced
with two new scenarios in step 5, the net size of
the linear program increases by n2 variables and m2
constraints at each iteration. For most problems, the
reduction in error at each iteration is also difficult to
predict. However, we state in the comments following
Corollary 1, that each cell contributes to the error
based on differences between random variables in �
and their conditional mean values, given � is in the

cell. Assuming fixed dual decision variable bounds
at each iteration, when the number of cells increase,
the size of the cells become smaller, and we would
expect a prevailing decrease in the reduction of error
in successive iterations. Thus we would expect dimin-
ishing reductions in error to prevail over time as well.
The particular case described below supports these
observations.

In any implementation of sequential bounding, a
decision must be made for which cell of the partition
to split, which coordinate direction the split should be
made, and which point along the coordinate direction
to make the split. In §C of the online supplement,
we consider the newsvendor problem, a special case
of the inventory problem we introduce in §6. See
Nahmias (2001, p. 250) for a more detailed description
of the newsvendor problem, including a formula for
the optimal solution. When the random variable is
continuously and uniformly distributed, we identify
the best of all possible partitioning schemes. In other
words, the approximation error will reduce as quickly
as possible compared to other partitioning schemes.
We apply this scheme to the experiments in §6. The
next proposition shows the rate of convergence for the
newsvendor problem is sublinear.

Proposition 2. For the newsvendor problem in Equa-
tion (C.1), let h14�5 be a continuous random variable
with uniform probability distribution, U6a1b7. Also, let
�k1UB

1 = q1 and �k1LB
1 = −q2 be the upper and lower bound

respectively on the dual decision variable of Equation (C.2)
for k= 11 0 0 0 1 � and every iteration � ≥ 1. The sequential
bounding approximation error ��24x

�∗1 8�k9�k=15 converges
sublinearly to zero as a function of �.

Proof. See §D of the online supplement. �
Since the newsvendor problem is easily solved ana-

lytically, we might expect the sequential bounding
algorithm to converge rapidly for this problem when
we employ the best partitioning scheme possible. Propo-
sition 2 demonstrates that this is not the case and
suggests potential for improving sequential bounding
beyond the partitioning scheme alone.

Although we did not specify any of the components
of the first-stage decision variable vector x to be discrete
in 2SLP, this can be accommodated in the sequential
bounding algorithm if we assume that the first-stage
feasible region is bounded. In this case, discrete com-
ponents of x can only take a finite number of possible
values. The bounds in Proposition 1 and Corollary 1
remain valid if we fix the integer variables in x. When
convergence is guaranteed, the set of fixed integer
decision variables corresponding to an optimal solution
x∗ will have a smaller cost than all nonoptimal sets
of integers. At each iteration of sequential bounding,
solving the PMVP of Equation (8) with some of the x
variables restricted to integer values corresponds to
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using the same partitioning scheme for every possible
set of fixed decision variables.

4.1. Restricted Recourse Bounds
In this section, we explain how to use restricted recourse
to generate an upper bound on z4x�∗5. We refer to
Morton and Wood (1999) for a detailed description
of restricted recourse. The upper bound is obtained
by adding constraints or fixing decision variables
in the recourse problem. Such restrictions change
the recourse problem, but any upper bound for the
restricted recourse problem is valid for the original
recourse problem. The upper bound on z4x�∗5 provided
by Corollary 1 can be less for the restricted recourse
problem than the unrestricted problem, even though the
optimal objective function value of the recourse prob-
lem is no greater than that for the restricted recourse
problem. When this is the case, we use the smaller
upper bound provided by the restricted recourse prob-
lem. This approach is used to improve the convergence
of the sequential bounding algorithm. In particular,
we add constraints associated with each cell of the
random variable support partition if they reduce the
upper bound on z4x�∗5.

First, we define the following restricted recourse
problem:

Q̃4x1�5= min qy (13)

s.t. Wy = h− Tx1

W̃y+ Ṽ y′ = h̃1

y1y′ ≥ 00 (14)

We see the model of Equation (13) is the same as
Equation (2) with one or more additional constraints
given by Equation (14). Since the vector of decision
variables y′ is not involved in the objective or con-
straints of Equation (2), the optimal objective function
for Equation (13) is greater than or equal to that for
Equation (2). We assume that Equation (13) is feasible
for all x and all � ∈æ, but there are no restrictions on
the number of constraints or new decision variables
added. The restricted recourse approach only requires
us to avoid infeasibility when selecting the constraints
given in Equation (14). We assume that such constraints
are not too difficult to identify, but this will depend
on the specific instance of the problem. The new con-
straints are added after iteration � of the sequential
bounding algorithm so that the matrices W̃ and Ṽ as
well as the vector h̃ are constant for all values of � in
the kth cell Sk of the random variable support partition
for k = 11 0 0 0 1 �. Furthermore, we assume that there
exists a y′ ≥ 0 such that W̃yk1�∗ + Ṽ y′ = h̃ for every
k = 11 0 0 0 1 � and � ∈æ. Therefore, the new constraints
do not cut off the second-stage optimal solution of
the PMVP.

We define ỹ∗4x1�5 to be a vector of optimal y vari-
ables in Equation (13). We define �̃∗4x1 �5 to be a vector
of optimal dual decision variables for Equation (13)
corresponding to the primal constraints Wy = h− Tx.
We also define Q̃�4x5=

∑�
k=1 p

kQ̃4x1�k5 to be the opti-
mal second-stage cost for the PMVP with restricted
recourse. The following proposition gives an upper
bound for z4x�∗5.

Proposition 3. Let the restricted recourse problem be
defined like in Equation (13), and let ỹ∗, �̃∗, and Q̃� be
defined like in the preceding paragraph. If W and q are
constant and the hypotheses of Proposition 1 hold, then

cx�∗
+ Q̃�4x�∗5= z�∗

and
z�∗

≤ z4x∗5≤ z4x�∗5≤ z�∗
+ �̃�24x

�∗51

where

�̃�24x
�∗5 =

�
∑

k=1

m2
∑

i=1

�̃k1UB
i

∫

Sk
64hi−hk

i 5−4Ti1 ·−T k
i1 ·5x

�∗7+ d�

−

�
∑

k=1

m2
∑

i=1

�̃k1LB
i

∫

Sk
6−4hi−hk

i 5+4Ti1 ·−T k
i1 ·5x

�∗7+ d�1

and we define �̃k1UB and �̃k1LB to be bounds on the second-
stage restricted recourse decisions:

�̃k1LB
≤ �̃∗4x�∗1 �5≤ �̃k1UB

for all � ∈ Sk and k = 11 0 0 0 1 �.

Proof. This follows directly from the definition
of the restricted recourse problem in Equation (13),
Corollary 1, and the fact that x�∗ and yk1�∗ for k =

11 0 0 0 1 � are feasible and optimal for the PMVP with
restricted recourse. �

Notice that �̃�2 in Proposition 3 is very similar to
��2 in Corollary 1. In particular, bounds for feasible
decisions in the dual of Equation (13) can be used as
bounds for feasible decisions in Equation (3). Thus, if
we define �̃UB and �̃LB such that

�̃LB
≤ �̃ ≤ �̃UB

for all feasible dual variables �̃ corresponding to the
primal constraints Tx+Wy = h in Equation (13) and
for all � ∈æ, then setting �k1LB = �̃LB and �k1UB = �̃UB

for all k= 11 0 0 0 1 � will produce a valid value for the
expression defining ��2 in Proposition 1. If we also
set �̃k1UB = �̃UB and �̃k1LB = �̃LB for all k = 11 0 0 0 1 �,
then �̃�24x

�∗5= ��24x
�∗1 8�k9�k=15 when W is constant in

Equation (2). Methods for finding such bounds on the
recourse decisions are the subject of §5.
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4.2. Bounds from Optimized Outcomes
In this section, we describe a method to generate
an upper bound on z4x∗5, by selecting representative
outcomes for each cell of the random variable sup-
port partition. We assume that random variables only
appear in the right-hand side vector h of the recourse
problem and the components of the random vector
are independent. Although it is possible to relax these
assumptions somewhat, we keep them for ease of
presentation.

In general, the upper bound for Q4x5 in Proposition 1
holds for all vectors �̂k12 ∈ Sk for k = 11 0 0 0 1 �. This
suggests replacing each random variable hi with a
decision variable ri and minimizing the upper bound
using the following mathematical program:

min
{

cx+

�
∑

k=1

pkqyk
+

�
∑

k=1

m2
∑

i=1

(

�k1UB
i

∫

Sk
6hi − rki 7

+ d�

−�k1LB
i

∫

Sk
6rki −hi7

+ d�

)}

s.t. Ax = b1

x ≥ 01

Tx+Wyk
= rk1 for all k = 11 0 0 0 1 �1

yk
≥ 01 for all k = 11 0 0 0 1 �1

a4k5 ≤ rk ≤ b4k51 for all k = 11 0 0 0 1 �0

The objective function for this mathematical program
is nonlinear in the decision variables. However, the
objective function is the sum of single variable functions
that are convex in each of the rki decision variables plus
terms linear in the x and y decision variables. We can
easily obtain a piecewise linear outer approximation
of each function at evenly spaced intervals. These
approximating functions are greater than or equal to
the original convex functions and are incorporated in
the mathematical program with additional decision
variables and linear constraints (see Bertsimas and
Tsitsiklis 1997, §1.3, for example).

The bounds on the dual decision variables �k1UB
i

and �k1LB
i can depend on the first-stage decisions, x.

In general, optimal dual recourse decision variables
are nonlinear and nonconvex functions of x; so, the
bounds on these variables can be as well. To make
the mathematical program tractable, we assume that
�k1UB

i and �k1LB
i are the same value for every k and

all values of x. Such global bounds are discussed
in more detail in §5.1. The resulting mathematical
program is a standard linear program whose optimal
solution is an upper bound for the optimal objective of
2SLP, z4x∗5. The optimal first-stage decisions from the
linear program are used to calculate tighter bounds
on the dual decision variables and a tighter bound
on z4x∗5. Methods for tighter bounds on the dual
decision variables are discussed in the next section.

5. Methods for Bounding Recourse
Variables

To use Proposition 1 and sequential bounding for 2SLP,
we need to determine decision variable bounds yk1UB,
yk1LB, �k1UB, and �k1LB for k = 11 0 0 0 1 �. Since x�∗ ≥ 0 in
the PMVP of 2SLP, we begin by defining bounds L

4k5
i

and U
4k5
i for hi4�5−

∑n
j=1 Ti1 j4�5x

�∗
j when �4�5 ∈ Sk, as

follows:

L
4k5
i = a

4k5
i −

n
∑

j=1

b
4k5
m24j5+ix

�∗

j

≤ hi4�5−
n
∑

j=1

Tij4�5x
�∗

j

≤ b
4k5
i −

n
∑

j=1

a
4k5
m24j5+ix

�∗

j =U
4k5
i 0

Notice a4k5 and b4k5 are used for the limits of the hyper-
rectangle Sk, defined in Equation (9).

When Equation (3) does not have multiple optimal
solutions, we can find the smallest possible value for
the `th component of �k1UB by solving the nonlinear
program below. Otherwise, this nonlinear program
provides an upper bound and value for �k1UB

` . Here,
W k1LB

i1 j and W k1UB
i1 j are the lower and upper bounds

on the random variable Wi1 j , respectively, defined by
the cell of the partition when � ∈ Sk. Similarly, qk1LB

j

and qk1UB
j are bounds on the random variable qj when

� ∈ Sk:

max �` (15)

s.t. L
4k5
i ≤ri ≤U

4k5
i 1 ∀ i1

W k1LB
i1 j ≤ri1 j ≤W k1UB

i1 j 1 ∀ i1j1

qk1LB
j ≤sj ≤qk1UB

j 1 ∀ j1

n2
∑

j=1

ri1 jyj =ri1 ∀ i1 (16)

m2
∑

i=1

�iri1 j ≤sj1 ∀ j1 (17)

n2
∑

j=1

sjyj ≤
m2
∑

i=1

�iri1 (18)

yj ≥01ri1 j1sj1�i1 and ri unrestricted in sign ∀ i1j0

A similar nonlinear program can be used to calculate
a lower bound for �k1LB

` by minimizing the objective
function instead of maximizing:

min �` (19)

s.t. L
4k5
i ≤ri ≤U

4k5
i 1 ∀ i

W k1LB
i1 j ≤ri1 j ≤W k1UB

i1 j 1 ∀ i1j1



Gose and Denton: Sequential Bounding for Stochastic Programs
INFORMS Journal on Computing 28(2), pp. 351–369, © 2016 INFORMS 359

qk1LB
j ≤sj ≤qk1UB

j 1 ∀ j1

n2
∑

j=1

ri1 jyj =ri1 ∀ i1 (20)

m2
∑

i=1

�iri1 j ≤sj1 ∀ j1 (21)

n2
∑

j=1

sjyj ≤
m2
∑

i=1

�iri1 (22)

yj ≥01ri1 j1sj1�i1 and ri unrestricted in sign ∀ i1j0

Equations (16) and (20) are the primal constraints asso-
ciated with the recourse problem in Equation (1). Equa-
tions (17) and (21) are the dual constraints associated
with Equation (6). Equations (18) and (22) correspond
to the strong duality condition for the recourse linear
program. The collection of all these nonlinear programs
for all `= 11 0 0 0 1m2, as well as the nonlinear programs
obtained by minimizing and maximizing over each
component of y, will be referred to as the bounds
nonlinear programs (BNPs).

The BNPs are not necessarily convex optimization
problems. For example,

∑m2
i=1 �iri − sj is not a convex

function in the decision variables; therefore, finding
optimal solutions to the BNPs may require a prohibitive
amount of computation time, in general. After solving
the PMVP to obtain x�∗ and 8yk∗9�k=1 and the corre-
sponding optimal second-stage dual decision variables,
8�k∗9�k=1, a feasible solution to the BNPs is readily
available by setting r = hk − T kx�∗, ri1 j =W k

i1 j , sj = qkj ,
y = yk∗, and � =�k∗. However, we need upper bounds
for the maximization problems and lower bounds for
the minimization problems, which are not provided by
suboptimal feasible solutions. Approximation methods
for these difficult to solve BNPs are the subject of the
remainder of this section.

5.1. Global Bounds
Consistent with the assumptions of §3, we assume
that 8� ��W ≤ q9 is a bounded set. Otherwise, it is
possible to add constraints to �W ≤ q, since every
optimal solution to Equation (6) is bounded. Assuming
W and q are constant, we begin by describing how to
obtain global bounds, �k1LB

` and �k1UB
` , independent

of the cell k in the partition. Since the feasible region
remains the same in the dual of Equation (2) with
x = x�∗ and for all values of � ∈æ, we can establish an
upper bound on the dual variable �`4x

�∗1 �5 by solving
the following linear program:

max �`

s.t. �W ≤ q0

A lower bound is found by minimizing instead of
maximizing, and we will refer to all these associated

linear programs as the dual bounds linear programs
(DBLPs). Although this involves the solution of 2m2
linear programming problems, the bounds are valid
for each value of k and �; therefore, the problems
only need to be solved once before the first partition
refinement of the first iteration of the algorithm.

Although this method for finding bounds on the
second-stage dual variables does not take advantage
of the fact that � is restricted to Sk for cell k, and
therefore are not likely to be very tight, they provide
a default set of a priori bounds, which can be used
to find better bounds. Pointed out by Birge (1985),
such global bounds on the decision variables are often
readily apparent from examination of the constraints.

5.2. Linear Programming Relaxation
In this section, we use a linear programming relaxation
of the BNPs. Unlike the global bounds on the dual
decision variables, the bounds found in this section
take advantage of individual cells in the partition of
the support set. We also relax the assumption that W
and q are constant.

The first step of the linear programming relaxation
approach is to replace all products of decision vari-
ables appearing in the constraints with new decision
variables. Constraints involving the new decision vari-
ables are derived from range constraints on the origi-
nal decision variables. This approach is described in
Al-Khayyal and Falk (1983) and is one of the techniques
used in the more general reformulation-linearization
technique (see Sherali and Adams 1998, and references
therein).

Next, we illustrate the technique for a typical con-
straint in the BNPs. Let �i be a decision variable of
a BNP for i = 11 0 0 0 1N . Let C1Ai1Li1Ui1 and Bi1 j be
fixed values for i1 j = 11 0 0 0 1N . Consider the follow-
ing nonlinear constraint and range constraints on the
decision variables:

N
∑

i=1

Ai�i +

N
∑

i=1

N
∑

j=1

Bi1 j�i�j ≤C1

Li ≤ �i ≤Ui for i = 11 0 0 0 1N 0

A linear program relaxation is obtained by replacing
�i�j with a new decision variable vi1 j . We obtain four
additional constraints involving vi1 j by multiplying the
four range constraints involving �i and �j . Finally, we
replace the nonlinear constraint in the BNP with the
following linear constraints:

N
∑

i=1

Ai�i +

N
∑

i=1

N
∑

j=1

Bi1 jvi1 j ≤C1

4�i −Li54�j −Lj5= vi1 j −Li�j −Lj�i +LiLj ≥ 01

4�i −Li54Uj −�j5=Uj�i −LiUj − vi1 j +Li�j ≥ 01
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4Ui −�i54�j −Lj5=Ui�j − vi1 j −UiLj +Lj�i ≥ 01

4Ui −�i54Uj −�j5=UiUj −Uj�i −Ui�j + vi1 j ≥ 00

5.3. Complementary Slackness Improvements
In this section, we use complementary slackness condi-
tions on the second-stage recourse problem to iteratively
improve bounds on the primal and dual decision vari-
ables. Like in the last section, the bounds on the dual
decision variables in this subsection take advantage
of individual cells in the partition of the support set.
Throughout this section, we assume that W and q are
constant.

For the recourse problem, Equation (2) with x = x�∗,
the optimal second-stage primal decision variables
associated with cell k can vary depending on the value
of � ∈ Sk. We begin by pointing out that nonlinear
programs similar to the BNP of Equation (15) can be
used to find bounds on the primal decision variables
of the recourse problem. For example, the following
nonlinear program provides the largest optimal value
of yj associated with cell k:

max yj

s.t. L4k5
≤ r ≤U 4k51

Wy = r1

�W ≤ q1

qy ≤�r1

y ≥ 01 � and r unrestricted in sign.

Due to the computational difficulties in solving
the above nonlinear program, we focus on finding
upper bounds for problems that maximize yj and lower
bounds for problems that minimize yj . The following
linear program provides such an upper bound for
yj by removing constraints from the above nonlinear
program:

max yj

s.t. L4k5
≤ r ≤U 4k51

Wy = r1

y ≥ 01 r unrestricted in sign.

A lower bound for yj is found by changing this from
a maximization problem to a minimization problem,
and we refer to all these linear programs as the primal
bounds linear programs (PBLPs). Observe that, unlike
the DBLPs, the PBLPs allow us to use the restriction
� ∈ Sk for cell k.

For i = 11 0 0 0 1m2, let li and ui be the lower and
upper bounds for the decision variables in Equation (3)
found using the DBLPs. We may find that some of the

constraints �W ≤ q are redundant. This is the case for
constraint j when

∑

i∈W+

·j

Wijui +
∑

i∈W−
·j

Wij li < qj1

where we define W+

·j = 8i2 Wij ≥ 09 and W−
·j = 8i2 Wij < 09.

Let F = 8j : constraint j is not active in Equation (3)}.
After solving the DBLPs, if the set F is not empty,

we can potentially improve the bounds on the primal
second-stage problem by modifying the PBLPs. By
complementary slackness, we know that yj = 0 for any
j ∈ F . We can modify the constraint set of the PBLPs to
obtain a new set C = 8y �Wy ≤U 4k51Wy ≥ L4k51 y ≥ 0, and
yj = 0 for all j ∈ F 9. Minimizing each variable yj , in turn,
over this set C will provide lower bounds 8yLB1∗

j 9
n2
j=1

for the primal second-stage variables when � ∈ Sk. We
refer to all these linear programming problems as the
improved primal bounds linear programs (IPBLPs). We
will see in the next section, that these bounds can be
used to improve the bounds on the dual second-stage
variables.

After solving the IPBLPs and finding bounds on
the primal second-stage variables when � ∈ Sk, we
define E = 8j2 yLB1∗

j > 09. Returning to the DBLPs, we
impose the complementary slackness condition that
∑m2

i=1 �iWij = qj for all j ∈ E. We refer to these modified
DBLPs as the improved dual bounds linear programs
(IDBLPs). If the bounds are improved to such a degree
that some new constraints are left redundant in the
constraints �W ≤ q, we may add new elements to the
set F in the IPBLPs. This has the potential to improve
the bounds for the primal decision variables, adding to
the set E in the IDBLPs. This process of going back and
forth between the improved dual and improved primal
second-stage problems can be repeated to improve the
bounds. This iterative process eventually terminates
because there are only a finite number of constraints in
the dual problem that can be redundant, and a finite
number of variables in the primal problem that can be
greater than zero. Details are outlined in Algorithm 2.

Algorithm 2 (Complementary slackness for cell k at
iteration � of sequential bounding)
Require: Iteration � is complete for Algorithm 1.
1: Set E1 F = �.
2: Set �k1LB

` = min8�` ��W·1 j ≤ qj for j y E1�W·1 j = qj
for j ∈ E9 for all `.

3: Set �k1UB
` = max8�` ��W·1 j ≤ qj for j y E1

�W·1 j = qj for j ∈ E9 for all `.
4: Set F = F ∪ 8j �

∑

i�
k1UB
i max8Wi1 j109

−
∑

i�
k1LB
i max8−Wi1 j109 < qj9.

5: Set yLB1∗

j = min8yj �Wy ≤U 4k51Wy ≥ L4k51yj ≥ 0
for j y F 1yj = 0 for j ∈ F 9 for all j .

6: Set E = E ∪ 8j �yLB1∗

j > 09. If E does not change,
then stop and return �k1LB and �k1UB.
Otherwise, go to step 2.
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5.4. Disjunctive Linear Programs
In this section, we show how disjunctive linear pro-
grams can improve bounds on the optimal second-stage
dual decision variables beyond those found using the
DBLPs or the complementary slackness approach of
the last section. Like in the last section, we assume
here that W and q are constant.

The potential for improving the bounds is illustrated
by the example in Figure 1 for the case where there
are only two second-stage dual variables, �1 and �2,
associated with the recourse problem of Equation (3)
with x = x�∗ and � ∈ Sk. The shaded square represents
all possible cost vectors centered at �k∗, a second-stage
dual optimal solution of the PMVP. Recall the second-
stage dual problem for the PMVP is Equation (3) with
x = x�∗ and � = �k.

For any possible dual cost vector, we can graphically
determine the optimal dual basic feasible solution in
Figure 1. It is clear that only the circled basic feasible
solutions in the feasible set 8� ��W ≤ q9 can be optimal
solutions when � is restricted to the set Sk. All other
basic feasible solutions are dominated by the solu-
tion �k∗ for all possible dual cost vectors. Thus, tighter
bounds for the optimal dual decision variables exist
than those based solely on bounds obtained through
consideration of the feasible region alone. Although we
would not be able to improve the upper bounds in this
case, we can improve the lower bounds substantially.

In the two-dimensional case, each line segment of the
feasible region corresponds to an active constraint. Not
all the optimal basic feasible solutions, those that are
circled, are located on the same line. This means that
none of the constraints in the dual problem are active
for every optimal solution associated with � ∈ Sk. How-
ever, the complementary slackness approach in §5.3
depends on finding dual constraints that are active for
all possible optimal solutions when � ∈ Sk. Otherwise,
the set E in the IDBLPs will always be empty, and

hk – Tkxv*

{�k* + h – Txv* | � � Sk}

�k*

�W ≤ q

�1

�2

Figure 1 (Color online) A Two-Dimensional Example of the Dual
Problem Given by Equation (3) with x = x�∗ and � ∈ Sk

Note. From the possible dual cost vectors, we see that only the circled basic
feasible solutions need to be considered when determining bounds for �1

and �2.

we would only be capable of finding bounds based
solely on consideration of the feasible region alone, i.e.,
bounds found by solving the DBLPs.

Adding a disjunctive constraint to the DBLPs allows
us to reduce the dual feasible region 8� ��W ≤ q9 to a
smaller set, where dual feasible solutions dominated
by �k∗ have been removed. Suppose that every feasible
solution in the set 8� ��vk ≤�k∗vk for k= 11 0 0 0 1m29
has a lower objective function value than, and is
therefore dominated by, �k∗. For now, we will assume
that 8vk9

m2
k=1 is given, but for the case illustrated in

Figure 1, observe that the set of any two vectors
pointing in the direction of the dotted lines has the
desired property. The upper bound on the optimal
value of �` found by solving the corresponding DBLP
is improved by solving the following disjunctive linear
programming problem:

max �`

s.t. �W ≤ q

� ∈

m2
⋃

k=1

8� ′
�� ′vk ≥�k∗vk90

We reformulate this as the following mixed-integer
linear programming problem:

max �`

s.t. �W ≤ q1

�vk ≥�k∗vk −M41 − �k51 for all k = 11 0 0 0 1m21
m2
∑

k=1

�k = 11

�k ∈ 801191 for all k = 11 0 0 0 1m21

where M is a sufficiently large number.
There are a variety of methods for computing the set

of vectors 8vk9
m2
k=1 for use in the above mixed-integer

programming formulation. The method that we use gen-
erates the extreme rays of a simplicial cone containing
the set of dual cost vectors K = 8h−Tx�1∗ �� ∈ Sk9. From
Dattorro (2005, Theorem 2.13.4.2.1 and §2.13.1.1), if K ⊂

cone48vi9
m2
i=15, then 8� ��vi ≤ 0 for all i = 11 0 0 0 1m29⊂K∗,

where K∗ is the polar cone of K and cone4 · 5 represents
the conical hull of a set of vectors. This means that
�k∗ + 8� ��vi ≤ 0 for all i = 11 0 0 0 1m29⊂�k∗ +K∗, or
equivalently, 8� ��vi ≤ �k∗vi for all i = 11 0 0 0 1m29 ⊂

�k∗ +K∗. Since every vector in �k∗ +K∗ is dominated
by �k∗, every feasible solution in the set 8� ��vi ≤�k∗vi
for all i = 11 0 0 0 1m29 is also dominated by �k∗; therefore,
the set of vectors 8vk9

m2
k=1 are valid for constructing

mixed-integer programs.
There are many ways to generate the extreme rays

of a simplicial cone containing the hyper-rectangle K.
One approach involves constructing a matrix T that
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transforms each of the unit coordinate direction vec-
tors into the desired set of vectors 8vk9

m2
k=1. We can

build T by constructing its inverse, which transforms
every vector in K into a set of vectors contained in
the positive quadrant 8� �� ≥ 09. For our computa-
tional experiments, T−1 was constructed like a product
of invertible sparse matrices. These sparse matrices
included orthogonal transformations, each of which
is an identity matrix with one of the entries changed
from +1 to −1. Each of the remaining sparse matrices
is an identity matrix with one of the off-diagonal terms
changed from 0 to a nonzero value �. Each of these
sparse linear transformations leaves all but one of
the dimensions of its argument unchanged and is
easily invertible; therefore, no more than m2 of each
type of matrix is necessary. Each orthogonal matrix
generates no more than m2 sign changes, and each
of the remaining matrices involve no more than m2
additions and multiplications. Therefore, T−1 can be
constructed in O4m2

25 time.

5.5. Exact Solutions to BNPs
In this section, we discuss a special case of stochas-
tic programs whose associated BNPs can be solved
efficiently due to special structure. We will consider
2SLP with random variables only appearing in the
right-hand side vector h and such that W = 6L �R7 is a
partitioned matrix structured so that both L and R are
lower triangular matrices in �m2×m2 . We also assume
that corresponding diagonal entries have opposite
signs: sign4Li1 i5= −sign4Ri1 i5 6= 0 for all i = 11 0 0 0 1m2.
Without loss of generality, we assume that L contains
all columns with positive diagonal entries and R con-
tains those with negative entries. We also assume that
the ith column of any basis will be from column i or
column m2 + i from W .

A number of important 2SLPs have this special struc-
ture, including the simple recourse problem described
in Wets (1983), as well as appointment and operating
room scheduling problems (see Denton and Gupta 2003,
Batun et al. 2011, and Erdogan et al. 2015). Tandem
queueing networks described in Chan and Schruben
(2008) with random interarrival times and service times
are also included in this category. Recursive equations
for decision variable bounds are given in §E of the
online supplement.

6. Computational Experiments
In this section, we describe a model for an important
semiconductor manufacturing application that we use
as the basis for computational experiments. We show
how the restricted recourse approach described in §4 is
integrated with sequential bounding for this problem.
We present the results of computational experiments
for sequential bounding using the various algorithms
described in §5 as well as restricted recourse and
optimized outcomes described in §4.

6.1. Inventory Planning with
Downward Substitutions

The problem of inventory planning with downward
substitutions involves a decision maker determining
production quantities for a family of products in the
first stage. In the second stage of the problem, substitu-
tions can be made after the random demand for each
product is known. Any product can be substituted
with another having a lower numbered index but not
vice versa. This is often the case in the semiconduc-
tor manufacturing industry, for example, when faster
microprocessors can be substituted for slower proces-
sors. The goal of the decision maker is to minimize
production costs as well as the expected penalty and
holding costs for not meeting demand and having
excess inventory after demand is met. Following the
work done by Bassok et al. (1999) and Rao et al. (2004),
we describe the stochastic programming formulation
for this problem for N products. We begin with a
description of the first-stage decision variables:

zi = 1 if product i is produced, 0 otherwise;
i = 11 0 0 0 1N ;

xi = the production quantity for product i; i = 11 0 0 0 1N .

We let �j4�5 denote the random demand for product
j = 11 0 0 0 1N . The second-stage decision variables are:

wi1 j4�5= the quantity of product i that will be used as
a substitute for product j , where i ≤ j and
i1 j = 11 0 0 0 1N ;

u−
j 4�5= The quantity of unmet demand for product j ,

j = 11 0 0 0 1N ;
u+

j 4�5= The quantity of excess inventory for product j ,
j = 11 0 0 0 1N .

Next, we describe the cost parameters:

Ki = the setup cost for product i = 11 0 0 0 1N ;
ci = the unit production cost for product i = 11 0 0 0 1N ;
hi = the unit holding cost for excess inventory after

demand is met for product i = 11 0 0 0 1N ;
pi = the unit penality cost for not meeting demand for

product i = 11 0 0 0 1N ;
si1 j = the unit cost of substituting product i for product

j when i ≤ j and i1 j = 11 0 0 0 1N .

The complete two-stage stochastic programming for-
mulation is as follows:

min
{ N
∑

i=1

4cixi +Kizi5+E�

[ N
∑

i=1

4hiu
+

i 4�5+ piu
−

i 4�55

+

N
∑

i=1

N
∑

j=i

si1 jwi1 j4�5

]}

(23)

s.t. xi ≤Mzi1 for i = 11 0 0 0 1N3 � ∈ì1 (24)
j
∑

i=1

wi1 j4�5+u−

j 4�5= �j4�51

for j = 11 0 0 0 1N3 � ∈ì1 (25)
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N
∑

j=i

wi1 j4�5+u+

i 4�5= xi1

for i = 11 0 0 0 1N3 � ∈ì1 (26)

xi1wi1 j1u
+

i 4�51u
−

j 4�5≥ 03 zi ∈ 801191
for i1 j = 11 0 0 0 1N3 i ≤ j1 and � ∈ì0

Here, M is a sufficiently large quantity to ensure that
Equation (24) is a redundant constraint when zi = 1.
Equation (25) is the set of N second-stage demand
balance constraints, and Equation (26) is the set of N
second-stage supply balance constraints. Since this
problem has a total of 2N second-stage constraints and
2N +N4N + 15/2 second-stage decision variables, the
recourse matrix does not have the special structure
described in §5.5. Therefore the approach of that section
cannot be used to solve this problem.

6.2. Implementation of Restricted Recourse Bounds
Proposition 4 was used to develop a restricted recourse
problem to apply the bound of §4.1, providing an
alternative upper bound for the sequential bounding
algorithm.

Proposition 4. The recourse linear program for the
inventory planning problem with downward substitutions
and N products is

QN 4x1�5 = min
{ N
∑

i=1

4hiu
+

i +piu
−

i 5+
N
∑

i=1

N
∑

j=i

si1 jwi1 j

}

s0t0
j
∑

i=1

wi1 j +u−

j =�j1 for j=110001N1

N
∑

j=i

wi1 j +u+

i =xi1 for i=110001N1

wi1 j1u
+

i 1 u
−

j ≥01

for i1j=110001N and i≤ j0

Let ` be a fixed integer such that 1 ≤ ` <N , and consider
the following restricted recourse linear program:

Q̃N 4x1�5 = min
{ N
∑

i=1

4hiu
+

i +piu
−

i 5+
N
∑

i=1

N
∑

j=i

si1 jwi1 j

}

s0t0
j
∑

i=1

wi1 j +u−

j =�j1 for j=110001N1

N
∑

j=i

wi1 j +u+

i =xi1 for i=110001N1

wi1 j =01 for all i≤` and j >`1

wi1 j1u
+

i 1u
−

j ≥01
for i1j=110001N and i≤ j0 (27)

Notice that the restricted recourse linear program is the
recourse linear program with additional constraints in

Equation (27). The restricted recourse linear program for N
products decomposes into one recourse problem with `
products and another with N − ` products: Q̃N 4x1�5 =

Q`4x1 6�11 0 0 0 1 �`7
ᵀ5+QN−`4x1 6�`+11 0 0 0 1 �N 7

ᵀ5.

Proof. No product with index less than or equal
to ` will ever be substituted for a product with index
greater than ` in the restricted recourse linear program.
After eliminating all wi1 j decision variables that are
known to be equal to zero, every constraint either
involves decision variables with indices less than or
equal to ` or indices greater than `, but not both. The
restricted recourse linear program therefore separates
into two linear programs. �

At iteration � of sequential bounding, suppose there
exists a k ≤N and ` such that 1 ≤ ` <N and wk1�∗

i1 j = 0
for all i≤ ` and j > ` in the PMVP optimal solution,
then we temporarily added the following constraints
to the recourse problem:

W̃i1 j4�5wi1 j = 0 for all i ≤ `1 j > `1

where

W̃i1 j4�5=

{

1 if �4�5 ∈ Sk1 i ≤ `1 j > `1

0 otherwise.

Note that there may be more than one such value of `
for a given value of k, where these constraints can be
added. In those cases, we can further decompose one
of the smaller recourse problems into two even smaller
recourse problems. We repeat this process as many
times as possible.

After adding these constraints to the problem of Equa-
tion (23), corresponding to the problem of Equation (2)
in the general case, we obtained a valid restricted
recourse problem, like described in §4.1, and we can
use the bound of Corollary 3 instead of the bound
of Corollary 1 in the sequential bounding routine.
The upper bound of Corollary 3 requires bounds on
the optimal dual decision variables of the restricted
recourse problem. From Proposition 4, optimal deci-
sion variables of the restricted recourse problem are
equivalent to decision variables for smaller instances of
the unrestricted recourse problem. We used the linear
program relaxation approach of Al-Khayyal and Falk
(1983), described in §5.2, for solving the BNPs to obtain
optimal dual decision variable bounds �̃k1UB and �̃k1LB

for unrestricted recourse problems with less than N
products. These bounds are often tighter than those
found for the unrestricted recourse problem with N
products, the decision variable bounds used in Corol-
lary 1. We always used the smaller upper bound from
Corollaries 1 and 3 for each iteration of the sequential
bounding approach. Note that we remove these added
constraints prior to the next iteration of the algorithm.
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6.3. Computational Experiments
We used a variation of SAA for comparison with
sequential bounding. SAA is a Monte Carlo sampling-
based approach where demand outcomes are randomly
sampled and given equal probability of occurrence. This
sample is used to construct a linear program that is an
approximation of the stochastic program. Following the
approach of Mak et al. (1999), we repeatedly sampled
demand outcomes and solved such a linear program.
The optimal objective function values of these linear
programs are used to generate a statistical lower bound
on the optimal objective function value of the original
stochastic program. We refer to the collection of linear
programs as the lower bounding problems. After a
feasible first-stage solution is selected, we repeatedly
generated random demand outcomes and solved the
second-stage recourse linear program associated with
the first-stage solution and demand outcomes. The
optimal objective function values of these second-
stage recourse linear programs are used to generate
a statistical upper bound on the optimal objective
function value for the original stochastic program.

To calculate these upper and lower statistical bounds,
four values must be specified: the number of scenarios
for each lower bounding problem, the number of lower
bounding problems, a feasible first-stage solution, and
the number of demand outcomes used to generate
the statistical upper bound. For comparison purposes,
we wished to obtain a feasible first-stage solution and
calculate upper and lower statistical bounds within a
given time limit. We used an iterative approach based
on Santoso et al. (2005), but to ensure a meaningful
comparison with the sequential bounding approach,
our implementation is designed to run for a fixed
amount of computational time. A feasible first-stage
solution and statistical bounds are obtained at the first
iteration. In each subsequent iteration the statistical
lower bound is modified, and the first-stage solution
and statistical upper bound either remain the same or
are both modified.

We solved one new sampled instance of the lower
bounding problem at each iteration. Iterations contin-
ued until the time limit was reached. Thus the total
number of iterations at the end of the time limit is
equal to the number of lower bounding problems
solved. Whenever an instance of the lower bounding
problem yielded an optimal objective function value
that was lower than any found in previous iterations,
we used that solution as the new feasible first-stage
solution, and solved for a statistical estimate of an
upper bound on the optimality gap. Following the
choices made by Santoso et al. (2005), we selected 20
scenarios for the lower bounding problem and 1,000
demand outcomes for the upper bounding problem.
In addition to 20 scenarios for the lower bounding
problem (labeled “SAA 20”), we also considered 100

scenarios for the lower bounding problem (labeled
“SAA 100”) in our computational experiments. No other
attempts were made to optimize these algorithm con-
trol parameters. We did not use Benders decomposition
to solve each of the sampled lower bound problems as
was done by Santoso et al. (2005). We also avoided
using Benders decomposition for each iteration of the
sequential bounding algorithm. It is not clear if either
of the two algorithms would benefit more than the
other if decomposition was used.

The sequential bounding algorithms, as well as the
SAA algorithm, were implemented using the C++ pro-
gramming language and a commerical mixed-integer
programming solver, the IBM ILOG CPLEX 12.4 callable
library. The test cases were run on a 64-bit Windows
machine with eight threads (2.93 GHz) Intel Core i7
processor.

An illustrative example of the partition of the random
variable support set is provided in Figure 2. Each
of the four diagrams correspond to the partition at
iterations 1, 2, 3, and 11 of the LP-relaxation version
of the sequential bounding algorithm. A two product
instance was used to generate the figure. The demand
for each product is a continuous-uniform random
variable taking values between 0 and 100. For each
partition, every cell has the conditional mean values
labeled with a black dot. We also include the difference
in the bounds on the first two dual decision variables,
ã�1 and ã�2, when the random variables are restricted
to each cell of the partition. In Figure 3, the upper and
lower bounds on the optimal objective function value
are plotted at each iteration of the sequential bounding
algorithm. The difference is a bound on the optimality
gap for the two-stage stochastic program.

A total of 24 test cases were used in the computational
experiments. The instance parameters were based on
those considered by Rao et al. (2004). In that paper, a
large number of test problems were considered. The
test problems include gamma and correlated normal
distributed demand. We did not consider these two
particular types of demand, but these cases can be han-
dled with sequential bounding. In particular, correlated
normal random variables are equal to an affine trans-
formation of independent normal random variables;
therefore, integrals appearing in Proposition 1 for �1
and �2 simplify after a change of variables. The instances
we chose for test problems are given in Table 1. Three
different numbers of products were used: 5, 10, and 25
with normally, uniformly, and lognormally distributed
demand. We included lognormally distributed demand
to include a nonsymmetric distribution. Cost parameters
associated with the most and least expensive products
considered by Rao et al. (2004) were used in the tests.

The computational results for the inventory planning
problem with downward substitutions are shown in
Table 2 for the algorithms described in §5 as well as
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Figure 2 A Two-Dimensional Example of the Partition of the Random Variable Support Set at Iterations 1, 2, 3, and 11 of the LP-Relaxation Version
of the Sequential Bounding Algorithm

Notes. Conditional mean values for each cell are labeled with a black dot. The quantities ã�1 and ã�2 are the differences in the bounds on the first two dual
decision variables when the random variables are restricted to each cell.

the restricted recourse approach of §4.1. Results for
the method of optimized outcomes, described in §4.2,
are presented in Table 3. The method of optimized
outcomes could be used to calculate an upper bound
at each iteration of sequential bounding. However, we
took a two-phase approach. In the first phase, we con-
duct sequential bounding with a 900 second time limit.
We used two different sequential bounding algorithms:
one using global bounds on the optimal dual decision
variables and the other using the restricted recourse
approach described in §4.1. In the second phase, we
solve the linear program described in §4.2 to obtain an
improved upper bound. The optimal first-stage decision
variables found from solving the upper bounding prob-
lem, rather than the first-stage solution from sequential
bounding, were used in comparisons with the SAA
algorithm. The runtimes reported in Table 3 include
the total time required for both phases. In this table,

two results are reported for each case, corresponding
to the two sequential bounding algorithms used in the
first phase. For each case, the maximum of the two
runtimes was used as the time limit for the algorithms
in Table 2. We used nine evenly spaced points to create
a piecewise linear outer approximation of each convex
function appearing in the objective function of the
mathematical program in §4.2. The results are reported
as the percent error, relative to the lower bound, after
the last iteration. The total number of iterations is
reported in parentheses.

Results for the SAA are shown in Table F.1 of the
online supplement. The maximum runtime for both
algorithms in Table 3 was used as the time limit for both
algorithms in Table F.1. We report the estimated percent
error as the width of the 99% confidence intervals for
the optimality gap divided by the estimated lower
bound on the optimal solution objective value. The
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Figure 3 Upper and Lower Bounds on the Optimal Objective
Function Value vs. Iteration Number for the LP-Relaxation
Version of the Sequential Bounding Algorithm

Note. The difference between the bounds is the optimality gap.

number of iterations for the SAA algorithm is the total
number of times that the lower bounding problem
was solved. By the central limit theorem, the accuracy
of these confidence bounds is asymptotically valid
as the number of iterations and sample size for the
upper bound problem approach infinity. The first-stage
solution associated with the lowest optimal objective
value of all lower bounding problems is returned upon
termination of the SAA.

Table 1 Test Cases Used for Computational Experiments

Case N Demand Costs

1 5 Norm[100110] Low
2 5 Norm[100110] High
3 5 Unif[101100] Low
4 5 Unif[101100] High
5 5 Unif[10111000] Low
6 5 Unif[10111000] High
7 5 LNorm[100110] Low
8 5 LNorm[100110] High
9 10 Norm[100110] Low

10 10 Norm[100110] High
11 10 Unif[101100] Low
12 10 Unif[101100] High
13 10 Unif[10111000] Low
14 10 Unif[10111000] High
15 10 LNorm[100110] Low
16 10 LNorm[100110] High
17 25 Norm[100110] Low
18 25 Norm[100110] High
19 25 Unif[101100] Low
20 25 Unif[101100] High
21 25 Unif[10111000] Low
22 25 Unif[10111000] High
23 25 LNorm[100110] Low
24 25 LNorm[100110] High

The percent error for the sequential bounding algo-
rithms in Table 2 are surprisingly similar. The difference
in percent error between algorithms for each case is
never more than 6.1 percentage points. The difference in
percent error between the algorithms in the table tends
to decrease when the number of products N increases.
In every case, the restricted recourse approach of §4.1
yields the lowest percent error.

Next we compare Tables 2 and 3. The optimized
outcome approach of §4.2 outperforms all the other
sequential bounding algorithms, with the exception of
case 6, compare the “Rest. rec.” column in Table 2 and
the “Global” column of Table 3. For every case, opti-
mized outcomes with the restricted recourse algorithm
provides the lowest percent error of all the approaches
represented in both tables. The difference between the
percent error for the two optimized outcome algorithms
tends to be smaller for larger numbers of products.
This suggests that for larger numbers of products, the
improvements from optimized outcomes is overwhelm-
ingly more important than the approaches presented
in §§5 and 4.1.

Of the two SAA algorithms, the one with 100 scenar-
ios for the lower bounding problem has the lowest
estimated percent error for every test case. In compar-
ing SAA to sequential bounding below, we selected the
100 scenario and optimized outcomes with restricted
recourse approaches, respectively.

We conducted a paired student t-test to compare
SAA and optimized outcomes. We refer to Morton
and Popova (2004) for an example of how to evaluate
the quality of two or more stochastic programming
solutions using the student t-test. Let 4x∗

SAA1 z
∗
SAA5 and

4x∗
OO1z

∗
OO5 denote the first-stage solutions found at

the final iteration of each algorithm, respectively. The
paired difference in the objective function value for a
particular value of the random variable vector � is as
follows:

N
∑

i=1

[

ci4x
∗

SAA1 i − x∗

OO1 i5+Ki4z
∗

SAA1 i − z∗

OO1 i5
]

+QN 4x
∗

SAA1 �5−QN 4x
∗

OO1 �50

This quantity was calculated for 10,000 sampled out-
comes of the random variable vector � using Julia for
Mathematical Programming (JuMP), a mathematical
programming language described by Lubin and Dun-
ning (2015) and implemented in the Julia computer
programming language, see Bezanson et al. (2012). We
used Clp, an open-source linear programming solver
described by Forrest et al. (2004), for every evaluation
of the function QN . The p-value was calculated based
on the null hypothesis that the paired differences have
a mean of zero. In every case, we rejected the null
hypothesis with a p-value below 00001. In Table F.2 of
the online supplement, we report the 9909% confidence
bounds on the paired difference for each case. We also
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Table 2 Experimental Results Reported as Percent Error (Number of Iterations)

Case Runtime (s) Global Comp slack Disjunctive LP relax. Rest. rec.

1 93509 202% (799) 202% (798) 202% (792) 107% (817) 103% (841)
2 95906 105% (686) 104% (682) 104% (674) 101% (677) 007% (666)
3 97208 707% (696) 703% (699) 703% (693) 501% (660) 405% (651)
4 97004 407% (652) 406% (652) 406% (648) 303% (626) 204% (616)
5 92206 900% (1,073) 806% (1,072) 806% (1,063) 504% (1,019) 404% (1,010)
6 94407 803% (1,056) 705% (1,042) 705% (1,036) 307% (1,000) 202% (933)
7 93306 202% (759) 201% (759) 201% (738) 106% (802) 102% (840)
8 96201 104% (686) 104% (686) 104% (667) 101% (675) 008% (668)
9 97305 400% (442) 400% (442) 400% (440) 400% (442) 307% (411)

10 1100802 208% (329) 208% (329) 208% (323) 208% (327) 203% (314)
11 1107804 1601% (391) 1601% (392) 1601% (390) 1601% (390) 1503% (374)
12 1101200 1005% (277) 1005% (277) 1005% (275) 1000% (279) 809% (277)
13 93507 2001% (586) 2001% (586) 2001% (574) 2000% (584) 1602% (580)
14 96606 1805% (434) 1805% (434) 1805% (432) 1802% (427) 1405% (398)
15 95008 400% (370) 400% (370) 400% (366) 400% (369) 306% (411)
16 99207 208% (321) 208% (321) 208% (318) 208% (321) 204% (314)
17 3195302 502% (342) 502% (342) 502% (340) 502% (341) 501% (331)
18 2109200 404% (141) 404% (142) 404% (140) 404% (141) 402% (143)
19 1140309 2405% (169) 2405% (169) 2406% (165) 2405% (169) 2400% (159)
20 2138706 1805% (123) 1805% (123) 1805% (122) 1805% (123) 1707% (119)
21 1102500 3101% (292) 3101% (292) 3102% (287) 3102% (289) 2907% (280)
22 1179403 2909% (260) 2909% (261) 2909% (257) 2909% (259) 2805% (281)
23 2195509 502% (311) 502% (311) 502% (310) 502% (310) 501% (308)
24 1191708 404% (143) 404% (143) 404% (142) 404% (143) 402% (142)

Max 3195302 3101% (1,073) 3101% (1,072) 3102% (1,063) 3102% (1,019) 2907% (1,010)

Avg 1137701 1000% (472) 909% (472) 909% (466) 903% (466) 805% (461)

Table 3 Experimental Results for Sequential Bounding with
Optimized Outcomes, Reported as Percent Error (Number
of Iterations)

Case Global Runtime(s) Rest. rec. Runtime(s)

1 007% (790) 93407 006% (832) 93508
2 007% (671) 95803 004% (652) 95903
3 300% (674) 97301 205% (633) 96409
4 203% (636) 97000 108% (599) 97004
5 209% (1,061) 91609 203% (1,000) 92206
6 203% (1,035) 93601 101% (919) 94407
7 007% (750) 93000 006% (830) 93306
8 007% (670) 95607 004% (652) 96201
9 202% (433) 97305 202% (400) 95504

10 108% (317) 1100802 106% (302) 99400
11 806% (372) 1107804 802% (356) 1106307
12 604% (265) 99706 508% (265) 1101200
13 903% (575) 93004 900% (571) 93507
14 706% (425) 96606 702% (388) 96305
15 203% (363) 94808 203% (404) 95008
16 109% (311) 98700 107% (304) 99207
17 306% (206) 3178200 305% (202) 3195302
18 302% (105) 1199302 301% (105) 2109200
19 1505% (140) 1138701 1503% (141) 1140309
20 1304% (91) 2138706 1301% (85) 2132405
21 1800% (278) 99108 1709% (269) 1102500
22 1504% (208) 1179403 1409% (213) 1162605
23 307% (209) 1179305 307% (207) 2195509
24 304% (109) 1160103 302% (107) 1191708
Max 1800% (1,061) 3178200 1709% (1,000) 3195302
Avg 504% (446) 1129909 501% (435) 1136500

include the average objective function value for the
SAA solution over all 10,000 sampled outcomes for the
random variable vector �.

From Table F.2 of the online supplement, we see
that the Restricted Recourse with optimized outcomes
approach always does best for the five product cases,
but it only does better than SAA for two of the 25
product cases. Although SAA is always the best algo-
rithm in the 10 product cases, we see that average
difference in the objective values of the two algorithms,
relative to the objective value of SAA, is always less
than 2% for all the 5 and 10 product cases. In the 25
product cases, we see more differentiation. Here, SAA
is best in the cases with uniformly distributed demand.
These are also the cases with the greatest variance in
demand. We see that the optimized outcomes approach
never underperforms by more than 6% from the SAA
solution’s objective function value in the 25 product
cases. SAA underperforms by more than 7% in case 18.
This suggests that SAA is probably the best overall
algorithm, especially when the number of products and
variance in demand is high, but optimized outcomes
remains competitive, if not better, when the variance in
demand or the number of products is low.

7. Conclusions
We presented new algorithms for improving opti-
mal decision variable bounds for two-stage stochastic
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programs. We further demonstrated how bounds can
be obtained efficiently using simple recursion for cer-
tain types of problems. The new approaches were
incorporated into a sequential bounding algorithm, first
proposed by Huang et al. (1977), for solving two-stage
stochastic programs. These approaches also extend
the restricted recourse bounds developed by Morton
and Wood (1999) to more effectively bound recourse
problems. We incorporated these bounds into a sequen-
tial bounding approach as well. We also developed a
new mathematical programming approach to obtain
an upper bound on the optimal objective function
value of 2SLP based on substituting random variables
with decision variables to obtain optimized outcomes
when random variables only appear in the right-hand
side of the constraints in Equation (3). A wide variety
of two-stage stochastic programs can be solved in a
bounding and partitioning framework. This includes
situations where the second-stage problem has ran-
dom right-hand side values as well as random cost,
technology, and recourse matrix coefficients. In §3,
we made relatively few assumptions, even allowing
for unbounded support in the random right-hand
side values.

We found that the sequential bounding algorithm is
capable of generating solutions for challenging two-
stage stochastic programming problems with continu-
ous support. We found that a combination of restricted
recourse, described in §4.1, decision variable bounds
based on a linear programming relaxation of the BNPs,
described in §5.2, and the approach of optimized out-
comes, described in §4.2, were consistently better than
the global bounds approach for sequential bounding.
Although the sequential bounding algorithms devel-
oped in this paper required more time per iteration for
the sequential bounding algorithm than the version
with global decision variable bounds, we found that
the extra time per iteration was worthwhile. In addition
to a deterministic measure of the optimality gap, our
computational experiments provide new evidence that
sequential bounding can produce low cost solutions
relative to those found using the SAA for some cases.
Thus, it may be a promising heuristic for 2SLPs that
are difficult or impossible to solve exactly. Most of the
approaches that we considered did not significantly
improve the performance of sequential bounding com-
pared to the implementation in which global bounds
were used. Because the global bounds approach is
easier to implement, it should be considered in practice.

We compared the restricted recourse with optimized
outcomes approach with a Monte Carlo sampling-based
approach using a paired student t-test. In 10 of 24 test
cases, we found that the restricted recourse version of
sequential bounding with optimized outcomes pro-
duced a lower cost solution than that found by the
SAA with 100 scenarios used for the lower bounding

problem. In all other cases, SAA produced the low-
est cost. Overall, our results suggest that sequential
bounding is capable of producing solutions that are
close to or better than those generated with Monte
Carlo sampling, provided the number of products and
demand variance are not both high. However, SAA has
a clear tendency to produce the lowest cost solution
when the number of products is above 5. It is notable
that the bounds obtained from the sequential bounding
algorithm are deterministic as opposed to the statistical
confidence intervals obtained using SAA.

There are many opportunities for future research.
Additional computational results for other two-stage
stochastic programming problems would help in evalu-
ating whether or not sequential bounding is a viable
solution approach. There may be other special cases or
other types of stochastic programs to which the meth-
ods we described can be extended. For example, the
authors are currently developing a multistage version
of the sequential bounding algorithm similar to the
two-stage version described in this paper.

Supplemental Material
Supplemental material to this paper is available at http://dx
.doi.org/10.1287/ijoc.2015.0682.
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